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ABSTRACT

We give a generalization of Borwein-Preiss smooth
variational principle for set-valued mappings, replacing the
distance and the norm by a gauge-type lower semi-
continuous function. For set-valued mappings, we consider
a kind of minimizers which is different from the Pareto one.

TOM TAT

Chiing t6i dwa ra mét dang tong qudt ciia nguyén 1y bién
phdn tron Borwein-Priess cho dnh xa da tri, thay thé ham
khodng cdch va chudn boi ham cé “gauge-type” nira lién
tuc duwdi. Nghién ciru dnh xa da tri, chiing téi quan tam dén
dang nghiém cuc tiéu méi, khdc so voi dang nghiém Pareto

thuwong nghién cuu.
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1 MO DAU

Quan tim dén qua trinh mé rong cua cdc
nguyén ly bién phén, ching ta nhan thay rang
diéu kién cyc tiéu hoa cia nguyén ly bién phéan
Ekeland c6 thé duoc phat biéu lai nhu sau: Véi
(X,d) la mot khong gian metric du, cho trudc
mot ham mwa lién tuc duoi f: X — RU {+w}
thoa in)t;f(x) >—o0, khi dé ton tai mét him
f:X = RU{+o0} la ham twa dudi cia ham [
tai xe domf" sao cho,

f(z) = f(z) va f(z)< f(z),Yz € X. Theo
nguyén 1y bién phan Ekeland, xét trong khong gian
Banach, thi ham tya duéi f c6 thé duge chon bé'mg
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cach nhiéu anh xa f boi mot lugng nhidu c6 dang
chuin. RS rang mot diém bat loi cia két qua nay
ham tya dudi f 1a mot ham khong tron, va do do

mot cau hoi 16n duge md ra 1a phai tim ham tua f
¢6 tinh chit tron hoa, nguoi ta goi 1a nguyén ly
bién phan tron. Két qua dau tién cua nguyén ly
bién phan tron dugc dwa ra boi Stegall trong
(Stegall, 1978). Ong di chi ra rang, xét trong
khéng gian Banach phan xa, mot ham nua lién tuc
du6i néu thoa man diéu kién mo rong khi |x| - +o0,

va voi tinh chét Radon-Nikodym, ham tya dudi f
¢6 thé dugc chon nhu mot ham tuyén tinh véi
chuédn tily ¥ da nho. Mot dang nguyén 1y bién tron
manh hon, da dugc dua ra trong truong hop tong
quat (Borwein, Preiss, 1987). Cac tac gia da chi ra
rang, néu ton tai mot co s tién chuan tron trong
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khong gian Banach, khi d6 ham tya dudi co thé
dugce chon 1a mot ham 16m va tron twong ung voi
co s tién chuan d6. Nguyén 1y bién phan tron
Borwein-Preiss dd dugc mo rong theo mot vai
huéng khac. Chang han nhu trong (Deville et al.,
1993), chi ra rang, trong truong hop dic biét, cac
ham twa c6 thé duoc chon trong truong hop tap co
s la tron (nhung khong can tinh 16m) dudi diéu
kién téng quat hon dya trén sy ton tai ham “bump”
tron Lipschitz. Trong moét dang tong quat cua
Nguyén 1y bién phéan tron Borwein-Preiss (Li, Shi,
2000) cac tac gia da thay thé ham khoang cach
métric va chudn boi mot ham c& “gauge-type” chi
can tinh nta lién tuc dudi. Ho cling nghién ctru mot
vai tmg dung cta dang téng quat ndy vao nghién
ctru tinh kha vi cia cac ham 16i. Trong bai bao nay,
chung toi dwa ra mot dang tong quat cia nguyén ly
bién phan tron Borwein-Priess cho 4nh xa da tri.
Nghién ctru anh xa da tri, ching t6i quan tdm dén
dang nghiém cuc tiéu méi, khac so voi dang
nghiém Pareto thuong dugc nghién ciru. Cac két
qua duoc dua ra trong bai bao la téng quat so voi
mot s6 két qua di cong bd trude do.

2 KIEN THUC CHUAN BI

Trong sudt muc né}y, néu khong co gi dac biét,
chung ta ludén gia thiéet X 1a khong métric, ¥ 1a
khong gian Véctq t6p6‘ duogc trang bi thr ty boi non
K c Y khac trong, 16i dong, c6 dinh. Tha tu trén
Y dugc cho boi, Vx,yeY taco x<,y khiva
chi khi y—xe K . Khi 6, tap 4 < Y dugc goi 1a
tap K - dong péu A+K la tép dong. Chung ta
nhac lai mét s6 khai niém bi chin dugc giam nhe
dudi day. Mot tap A< Y duogc goi 1a tya bi chan
dué6i néu ton tai mot tdp bi chan M c Y sao cho
Ac M +K .Tiap A duoc goi 1a bi chin dudi néu
ton tai mot phén t¢t yeY saocho Acy+K.
Véi anh xa da tri F: X — 2", ching tanéi F la
bi chin (tya bi chan) dudi néu F(X) 1a bi chin
(twa bi chin) dudi. Dé ¥ rang, tinh bi chin duéi thi
kéo theo tinh tya bi chan dudi nhung nguoc lai thi
lai khong ding. Ching ta xét mét thi du don gian
sau diy dé lam r5 diéu nay: Liy Y = oR ,
K:{(yl,O):y1 >0} va A:{(O,yz):OSy2 <13,
khi d6 A 1a mét tap tya bi chian dudi nhung A4
khong bi chan dudi.

Tiép theo, ching ta cung thao luan khai ni¢m
nghiém cyc tiéu Kuroiwa cia anh xa da tri.
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Pinh nghia 2.1. Liy F:x —27
xa da} tri. Khi qé (Kuroiwa, 2001) xe X duge ggi
la diém cuc ti€u Kuroiwa ctia anh xa da tri ' néu
F(x)c F(x)+K v6i mot xe X, kéo theo
F(x)c F(x)+K .
tiéu Pareto cia anh xa da tri F néu ton tai
¥ e F(x) sao cho F(X)n(y—K)={y}.Mot khai
niém chédt cua nghiém cuc tiéu Kuroiwa dugc dua
ra mot cach tu nhién dudi day.

la mot anh

xe X duoc goi la diem cuc

Pinh nghia 2.2 (Ha, 2005). Liy F: X —»2" 1a
mdt anh xa da tri. Khi d6 x € X duogc goi 1a diém
cuc tiéu Kuroiwa chit cia anh xa F néu

F(x)Z F(x)+ K ,Vx#x.

Nhan xét trong treong hgp F 1a anh xa don tri
thi khai niém nghiém cuc tiéu Pareto va nghiém
cyc tiéu Kuroiwa 1a hoan toan tring nhau. Tuy
nhién trong truong hop anh xa da tri tong quét, moi
quan hé giira hai khai niém nghiém cuc tiéu ¢ trén
kha thu vi. Pidu d6 dugc minh hoa boi Thi du 2.1
va Thi du 2.2 dudi day.

Thi du 2.1 (Khinh v Quy, 2011). Cho
X=RY=R,K=R
F:X — 2" dugc cho boi
F)={yeR*:y = X,

Khi d6, khong ton tai nghiém cuc tiéu Kuroiwa
cua anh xa da tri F', nhung v6i moi x € X deu la
nghiém cuc tieu Pareto cua F.

Thi du 2.2 (Khdnh va Quy, 2011). Cho
X,Y,K nhu trong Thi du 2.1. Anh xa da tri
F:X — 2" duoc cho boi

F(z)={(z,y) e R® : y > —a}.

Khi do, khong ton tai nghiém cuc tiéu Pareto

cua anh xa da tri F, nhung v&i mdi x € X déu la

nghiém cuc tiéu Kuroiwa, cling nhu nghiém cuc
tiéu Kuroiwa chat ciia anh xa da tri F.

va anh xa da tri

1),0 <X <1

Dudi ddy chung t6i nhic lai cac dinh nghia nira
lién tuc cua anh xa da tri, tir d6 chi ra mdi quan hé
giita chung. Trude hét, quan tim dén 4nh xa don tri
f:X—>Y,ham f duogc goi la nira lién tuc dudi
theo non K (K -lower semi-continuous, viét tat 1a
K -lsc) tai x khi va chi khi, v61 moi e€Y va
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{x,} = x saocho f(xn) <y e voimoi n,chiung
taco f(x)<, e.
Bay gid chung ta dua ra cac dang tong quat cia

nhiing tinh chét trén trong trudng hop anh xa da tri
F:X—>2".

Pinh nghia 2.3. (i) F dugc goi la ntra lién
tuc trén (upper semi-continuous, vict tat 1a usc) tai
x € X khi va chi khi v4i moi 14n can mé U cia
F(;) , ton tai mot 1an can ¥ cuia x sao cho
F(V)cUu.

(i) Fdugc goi la lién tuc trén theo nén
K (K -upper continuous, viet tat la uKc) tai
x € X khi va chi khi v6i moi 14n ¢dn mé U cia
F (;) , ton tai mdt lan can V cla x sao cho
FV)ycU+K .

(iii) F dugc goi la nira lién tyc dudi theo non
K (K -lower semi-continuous, viét tat la K -Isc)
tai x € X khi va chi khi vdi moi day {x,} - x va
moi ecY ,
[F(x,)N(e—K)#3,¥n]=[F(x)N(e—K) # D]

Chung ta lu6n noéi rang ham F c6 tinh chat nao
d6 trén tap 4 < X khi va chi khi F c¢6 tinh chat
d6 tai moi diém ctia 4 va khong nhac dén A4 trong
truong hop dac biét 4= X .

Ménh dé 2.1 (Ha, 2005). Cho 4anh xa da tri
F:X—>2".

(i) F la K-lsc néu va chi néu tap hop
{xeX:ee F(x)+K} latdp dong vdimoi ec ¥

(i) F 1a K-lsc néu va chi néu tap hop
{reX:Ac F(x)+K} la tap dong voi moi tap
AcCY.

Ching minh. (i) () C6 dinh ecY . Lay
X, > X v6i ee F(x,)+K , ¥n.Khido,do F la
K -lsc nén F(x)N(e—K) =, suyra ee F(;) +K.

() Cé dinh eeY. Ly x, > x v6i
ecF(x)+K,Vn.Khido, do {xeX:ecF(x)+K}

la déng nén x thuoc vao tdp nay, suy ra
F(x)Nn(e-K)#D.
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(i) Pé y rang, do (i) va tir ding thirc
xeX: AcF(x)+K}=n,_{xeX:aeF(x)+K}
jfa co, voi gia thiét F la K- lIsc, suy ra
{xeX:Ac F(x)+K} ladong, VA Y .

Ménh & nguoc lai 1a hién nhién khi xét véi
truong hop dac biét 4 = {e} .

Ménh dé 2.2 (Khdnh va Quy, 2013). Cho 4nh
xadatri F: X —»2".

()Néu F lausctai x thi F lauK ctai x.

(i) Néu F 1a uKc tai x thi F 1a K -Isc tai
x .

Ching minh. (i) Diéu nay 14 hién nhién.

(i) LAy x, >x Vi eeF(x,)+K . Gia su
rang v, €F(x,)N(e—K) nhung F(;) cY\(e—-K).
B6i tinh uK ¢ cia ham F, tdn tai 1an can V cua
x sao cho F(V)cY\(e—K)+ K . Khi do, véi n
da Ién ta c6 y, cY\(e-K)+K, kéo theo
v, ge—-K, diéu nay mau thuin véi gia thiét ban
dau.

Thi du 2.3 (Khdnh va Quy, 2013). (chiéu
ngugc lai cua Ménh d€ 2.2(i) khong dung). Cho
X=RY =R K= Ri va

F(z)

{(a,b): a >0, >0} khiz =0
{(0,0)} khiz =0

Khid6 F lauK c nhung khong usc tai x=0.

Thi du 2.4 (Khinh va Quy, 2013). (chiéu
ngugc lai cuia Ménh dé 2.2(ii) khong ding). Cho
X=RY =R K= Ri va

(o)} khix<0
Fx)= {{(%,0)} Khix>0

Khi d6 F 1a K -Isc nhung khong uK c tai
x=0.

3 MO RONG CUA NGUYEN LY BIEN
PHAN BORWEIN-PREISS

Nim 1987, dé nghién ctru ing dung vao bai
toan kha vi cua cac ham 16i, Borwein va Preiss da
dua ra nguyén Iy bién phan tron dwoc phat biéu
trong khong gian Banach (Borwein, Preiss, 1987).
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Dudi day 1a mot dang phat biéu cua nguyén 1y bién
phan tron Borwein-Preiss nhung dugc viét lai trong
truong hop téng quat hon trén nén khong gian
métric du (X,d).

Pinh 1y 3.1 (Nguyén ly bién phan Borwein-
Preiss). Cho (X,d) la khong gian métric du, ham
thyc mo rong f: X — RU{+o00} la mdt ham
ntra lién tuc dudi va bi chan dudi, 4 >0 va g=>1.
Khi d6, véi moi x, € X va sb duong tuy y &> 0
sao cho f(x,)<inf _, f+¢& thi ton tai mot day
{x,)c X hoi tu t6i x,eX
¢, X — R véidang ¢,(x) = +Zw,una”’ (x,,x),

n=l1

va modt ham

+00
véi u, >0,Vn va Z #, =1 sao cho

n=1

d(xy,x,)< A,
f(x5>+%¢q<xg>s/f(xo>,

f(X)+%¢q(X)>f(xg)+%¢q(xg),VxeX\{xg} :

Dudi diy 1a mot dang téng quat ctia nguyén ly
trén, ¢ d6 ham khoang cach va ham chuan dugc
thay boi mot ham c& “gauge-type” 1a ham chi can
tinh ntra lién tuc dudi theo bién thir hai. Cac tac gia
cing nghién ciru mot vai img dung cua dang ndy
cho bai toan kha vi cta cac ham 16i.

Pinh nghia 3.1 (Li, Shi, 2000). Cho (X,d) la
khong gian métric du, ta no6i rang ham
p:XxX —[0,+0) la mét ham c& “gauge-type”
néu cac diéu kién dudi day dugc thoa man

i) pl,x)=0,VxelX,

(i) V(x,y,)eXxX, néu
{p(x,,y,)} =0 thi {d(x,.,y,)} =0,

(iii)  p(x,-) la ham ntra lién tuc dudi véi moi
xeX.

Pinh ly 3.2 (Li, Shi, 2000). Cho (X,d) la
khong gian métric d4, ham thyc mo& rong
f:X = RU{+0o0} la mdt ham nira lién tuc dudi
va bi chan dudi. Gia st p 1a ham c§ “gauge-type”
va {J,} 1a mot diy sd thuc khong am véi &, > 0.
Khi d6, véi moi x, € X va sb duong tuy ¥ &> 0
sao cho f(x,)<inf,_, f+& thi ton tai mot day
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x}cX hoi tu t6i

,(/} : X - R Vél dang l//(x) = Zé‘lzp(xn’x)ﬂ

n=l1

x,€eX va mét ham

sao cho

i) p(xn,x»sﬁ,
(1) f(x)+y(x,) < f(x),
(ii) f()+y(x)> f(x,)+w(x,),Vxe X \{x,}

Hon nita, néu &, >0 va & =0 v6i moi
[>1¢>0 thi(iii) c6 thé viét lai dudi dang

Vn,

(iii”) ton tai N, >¢ vaham ¢, , : X — R véi

~ t—1
dang  §,,(2) = 3 6,p(z,.2) + 8,p(x, .a)> 520

cho f(&) + 1, (2) > fla) + ., (z.), Vo € X\ {z.}.

_ Trong bai bdo nay, ching t6i dua ra cac dang
tong quat cia nguyén Iy bien phan tron Borwein -
Preiss cho truong hop anh xa da tri. Tur day tro vé
sau, néu khong cod gi dac biét ta ludn gia thict
(X,d) la mot khong gian métric da, Y 1a khong
gian Hausdorff 16i dia phuong, K Y 1a mdt noén
16i, dong, c6 dinh, va k, € K\{0}. Goi Y la
khong gian topd ddi ngdu cia ¥ va K 1a nén
duong lién hgp cua K, tic la

K" = {y*:<y*,y> >0,VyeK}.

Sau déy la két qua dau tién ctia mot dang tong
quat cua nguyén ly bién phan tron Borwein-Preiss.
Pinh ly 3.3. Cho (X,d) la khong gian métric

du, Y 1a khong gian Hausdorff 16i dia phwong,
KcY 1a mdt non 16i, dong, c6 dinh, va

kye K\{0}. Ly F:X —2" 1a mot ham K -lsc
tya bi chan dudi. Gid sit p 1a ham c& “gauge-type”
va {0,} la mot day s0 thyc khong am véi 6, >0.
Khi do, v6i moi x, € X va s6 dwong tuy ¥ &> 0
théa F(x,)z F(x)+ek, thi ton tai mot diy
{x,}cX hoi  t6i X, € X va mot ham
¥: X — R voidang w(x) = Zéﬂp(xn,x),
n=0
sao cho

@) px,,x,)<—

2"5,”
(i) F(x,) C F(x,)+y(x,)k +K,

Vn,
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(iif) Flz)+y{a )k & Fa)+(oh +KVre X\ {z}

Hon nita, néu &8,>0 va &,=0 véi moi
I>¢>0 thi(iii) c6 thé viét lai dudi dang
(iii’) VxeX\{x,}, 3N, >t vaham ¢, : X — R
voi dang
-1
v, (x)= Zé‘np(x",x) , sao cho
n=1
Fla,) 44, (@ )k, +6p(z, @) & F(@) 4, , @)k,
+6 p(:lc)\,U Tk, + K.

t

D‘é chimg minh Dinh 1y 3.3, ta chimg minh hai b
deé sau.

B6 dé 3.4. Cho (X,d) 1a khong gian métric du,
Y 1a khong gian Hausdorff 16i dia phuong, K < ¥
1a mot nén 16i déng, ¢6 dinh, va ky, € K\{0}. Cho
$: X —-R 1a ham nira lién tuc dudi. Néu
F:X —2" 1a K-Iscvaco giatri K -dong thi tp
W ={xeX:F(a)+¢(a)k,z F(x)+p(x)k,+K} 1a
dong véimoi a e X .

Ching minh. Gia st ring {x,}eW va
X, Sx , ta chung minh xeW.Cé dinh n, véi
mdi i € N, vi ham @(+) 1a nira lién tyc dudi, nén
Q@) eN, Vn> Q@) thi

#(x,) 2 () —% .

ton tai sao cho

Do x,eW nén Vn> Q(i) thiF(a)+d(ak,

C F(x,)+p(x )k, + K  F(x,) +(¢(}) —}j k, +K .Hon nira,

do x, —x va F la K-lsc nén Vi€ N taco
Fla)+d(ak, < F() +(¢(§) —}j k4K,

hay

F(a)+¢(a)k, +1_k0 < F(x)+d(x)k, +K .
1

Do F c6 gia tri K - dong nén khi cho i —» +o0
ta dugc

F(a)+d(a)k, < F(x)+d(x)k, + K .

dod6 xeW hay W dong.
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B6 dé 3.5. Cho (X,d) 1a khong gian métric di,
Y 1a khong gian Hausdorff 16i dia phwong, K < ¥
12 mot non 16i déng, co dinh, va k, € K \{0}. Cho
¢: X — R lamot him sb. Néu F: X »2" la
K -tya bi chan duédi trén S < X, khi d6 VE>0
tontai # € S thoa
Fu)+ ¢k,  F(x)+¢(x)k, +Ek,+ K, Vx e S. .

Chimg minh. Ta chimg minh bang phan
ching, gia st V& >0,Vu € §,3x € S thoa

Fu)+¢u)k, = F(x)+@(x)k, +Ek, + K.

Lay tuy ¥ x, €S8 , khi do6 ta ludén co thé chon
day {x,} = S théa

F(x, ) +¢(x, )k € Fx,) +@(x, )k, +Sky + K

Khi d6 véi batky n>1 thi ta luén co

F(x)+¢(x)ky < F(x,)+d(x)k, +(n—DEk, + K .

Do F' la K -tya bi chan dudi nén véi moi n ta
6 F(x,) +@(x, )k, —(n =1k, < F(x,)+p(x, )k, + K
c M +K #rong d6 M
RS)cM+K. Lay z €K' thoa z'(k,)=1 (su ton tai clia
z" 1a do 4p dung dinh Iy tach cho k, va —-K). C6
dinh y e F(x,), vi F(x,)+¢(x,)k, —(n—1)&k,
cM+K, nén Ime M ,Ik € K
y+é(x)ky—(n-DEk, =m+k .

la mét tap bi chan,

sao cho

Vay ta cd

Z (M) +4(x)—(n=1)&E >z (m) > inf 2" (M).

Cho n— +o0 , ta suy ra duoc diéu mau thuan
v6i tinh bi chan cia M .

Chirng minh Pinh ly 3.3.

Ta xét hai truong hop cua {J,} , truong hop
thir nhat 1a ¢6 vo han phan tir o, >0, truong hop
thir hai 1a ¢6 hitu han phan tir &, > 0.

Truong hop 1: Khong mét tinh tong quat ta gia
st 0,>0 v6i moi n. Khi do ta x4c dinh
{x X va{S}c2* voix, va

S, = {xeX:F(xO) gF(x)—i—é'Op(xO,x)kO-i-K}

Vi x, €S, nén S, khac rong. Hon nita, theo bd
d8 3.4 v6i ham #() =S, p(x,,) V& a=x, thi tap
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SO

la dong. Ngoai ra, ta cling c6 v6i moi x €S,

thi p(x,,x) < £ That vay, néu p(x,,x)> £
% %

F(x,)) c F(x)+6,p(x,,x)k, + K < F(x)+ &k, +K

thi,

dicu nay mau thuln voi tinh chat ciia X, .

Ap dung B6 dé 2.5 v6i ham () = 8, p(x,,") »
g::% va S:=S, thitaluon tn tai x, € S thoa

0
v6imoi x €S thi

F(x,)+6,p(xy,x)ky & F(x)+ 8, p(x,, %)k, +2§ k+K,

0

va dinh nghia tuong tu ta co

1
M ::{xeSU 1F(x)+ 6, p(xy, %)k, < F(x)+25/.p(xj,x)k0+K}

j=0
Trong truong hop tong quat, ta xac dinh x,,S; voi
i=0,n—1 thoa

F(x)+Z§p(x x,)k, ¢F(x)+2§p(x ,X)ky + ? k+K,

j=0

i-1
Va S,={xeS_ :F(x)+Y.6,p(x,,x)k c F(x)

J=0

+z 6, p(x;, )k, +K

J=0

n—1
Ap dung Bo d& 2.5 véi ¢()=). 6 p(x,.),

j=0
&= va S=S§_,. Ta luén c6 thé chon
2”5

x, €8, thoa  véi  moi xeS,,  thi
n—l

F(xn) + zé‘jp(xj’xn)ko
j=0
n-1 5

@ F(x)+).8,p(x,, )k, +2 6" k,+K, va

j=0

n—1
S, ={xeS, i F(x,)+ ), 8,p(x;,x)k
j=0

c F(x)+z5jp(x/.,x)k0+K Do x,

Jj=0
khac réng. Hon nita theo Bo dé

#()=Y 5 p(x,,) va a=x, thi
j=0

€S, nén S§,
2.4 vo6i ham
ta duoc S,

dong.
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Ta ching minh ring véi moi xeSthi

_That vay, néu p(x,,x)

x ,x)<
p(” ) 2n50 115

n—1 n
F(x,)+.8,p(x,,x,)ky < F(x)+ Y8, p(x,,x)k,+K
Jj=0 Jj=0

n—1
= F(X) + Zéjp(x_/’x)k0+5np(xn’x)k0+K
j=0

n-1

S F(x)+Y.8,p(x;,x)k, +

Jj=0

D0 4K
2'5,

diéu nay mau thuan véi tinh chat cia x, .

Do p 1la ham c¢& ‘“gauge-type” nén

d(x,,x)—0 va diamS, — 0. Hon nita, vi X 1a
du, nén ton tai duy nhit x, e ﬂ::oS thoa (i). Dé
thdy x, > x,. Véimdi ¢ >1 tacé

q-1

F(xo)gF(xq)+z5jp(xj,xq)ko+K
Jj=0

q
S F(x,)+ D.8,p(x;,x,)k,+68,p(x,, X)k,+K

j=0
Cho ¢ — +oo ta dugc (ii).

Véi mdi X # X, tasuy ra x, eéﬂ S, > nén
tontai I dé xS, , tirc la
F(x‘.)+§"5/.p(xj,x,)k0 ¢F(x)+25jp(x/,x)k0+K .
j=0 Jj=0
Do @6
F(x)-%—ié‘/.p(x/,x,)kﬂ¢F(x)+§5/p(xi,x)k0+1{ e

j=0 j=0

Mit khéc, v6i mdi ¢ >i ta ludn co,

i1 il
F(x)+Y.0,p(x,,.x)ky + K S F(x,)+Y.8,p(x,,x )k, +K
j=0 J=0

9
c F(x€)+25jp(xj,x£)k0+1(
=0
Cho ¢ — + ta duogc,

i—1
F(x)+).6,p(x,,x)k, +K < F(x,)

j=0

+>.8,p(x;,x, )k, tK

Jj=0

Tu (1) va (2) ta dugc (iii).

(@)
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Trudng hop 2: Gia st rang &, > 0,6, =0 véi
moi />¢>0.Khong mit tinh tong quat, ta gia su
0, >0 véimoi i <t.Do do, véi n<t, ta xac dinh
S, nhu truong hop trén. Vi n>¢ theo Bo dé

n’

3.5 v6i @() = Zdjp(x,;),i . 5’

0

va §=S§

n-1>

ta luén c6 thé chon x, €S, sao cho véi moi
xeS, , thi

£, k,+K,
2",

F(x”)+i§/.p(x Kk, ¢F(x)+25 p(x;, %)k, +

j=0

vas,={xeSs, : F(x)+2§p(x , X))k, € F(x)

j27n

-1
+3°8,p(x;, X)ky+8,p(x,, )k, + K

Do x, €S, nén S, khac rdng. Hon nita, 4p dung

=1
Bo dé 44 voi $()=).5,p(x,,)+5,p(x,,) va

J=0

a:=x, tadugc S, 1a dong. Ta cd, véimoi x € S,

thi

A A X &
.That vay, néu p(x ,x)>——

thi p(x ,x) < at va
p(ﬂ ) 21150 2”62)

=1 -1
F(x,)+ 2.8,p(x,,x,)ky € F(x)+ Y8 p(x,,x)k,

Jj=0 Jj=0

=1
+6,p(x,, )k, K < F(x)+ Y. 8,p(x;,x)k,+ 5(; k,+K
j=0

diéu nay mau thudn véi tinh chat ciia x, . Chimng
minh twong tu nhu Truong hop 1, ta dugc (i) va
(ii). Nhung véi X # X,
thoa x ¢ S,

ta suy ra ton tai N, >t

, tuc 1a

F(x, )+Z§ p(x;.xy ey @ F(x)+25 p(x,,x)k,

j=0

+é,p<xN(,,x)ko+K : 3)
Mat khac, vi x, € S, nén
-1
Fxy )+ 6,p(x;,x, Yk, < F(x,)
j=0
-1
+2°8,p(x;.x kg0, p(xy Xk tK . (4)
J=0

Tu (3) va (4) ta duogc (iii”).
Nhan xét 3.1. Trong truong hop dic biét,
Vi=RU{+oc},K =R k=1 va F laanh
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xa don tri thi Pinh 1y 3.3 chinh 1a Pinh 1y 1 trong
(Li, Shi, 2000). Trong Dinh ly 3.3, ta co
th¢ thay ham c& “gauge-type” p boi ham

q: X xX — RU{400} véi ¢ thoa didu kién:
(i) g(x,x)=0, Vxe X,

(ii’) véi mdi £>0,35>0 thoa Vx,ye X thi
q(x,y)<9d suyra d(x,y)<e,

(iii) g la ham lién tuc.

Trong trudng hop nay, néu ta thay p boi ¢ thi
Dinh Iy 3.3 van ding va mang tinh tong quat hon
DPinh ly 2.5.2 va Dinh ly 2.5.5 trong (Borwein, Zhu,
2005) véi Y = RU{+o0},K =R,k =1 va
F 1a anh xa don tri.

Pinh ly 3.6. Cho (X,d) la khong gian métric
du, Y la khong gian Hausdorff 16i dia phwong,
KcY la mét néon loi dong c6 dinh va
ky e K\{0}. Gid st p la ham c& “gauge-type”.
Liy F:X — 2" 1a mot ham K -Isc twa bi chin
duéi, cho 1>0 va g=>1.Khido6 véimoi x, e X
va sb duong tily ¥y &>0 sao cho
F(x,) ¢ F(x)+ek,+K, thi ton tai mot day
{x,}c X hoi tm toi
¢: X — R vbi dang ¢(x) = +Z,unp" (x,,x), voi

n=0

x,€eX va mét ham

M, >0,Vn va Z,un =1 sao cho

n=0

) p(x,,x,)<A,Vn,,

(ii) F(x,) & F(x,) +iq¢(x6)k0 +K,

(iii) F(x)+ ¢(x Y, ¢F(x)+—¢(x)k +K, Ve X\ {x,}

Chimng minh. Lay {x} 1a diy sé duong thoa

D 4, =1. Theo Pinh ly 3.3 v6i &, = p,,Vn, va

n=0
p(x,x) dugc thay boi % p%(,), thi ton tai day

{x,) <X hoituvé x, e X vaham ¢: X - R
v6i dang

w(x)= Zm{ﬂq] “

n=0

. i
)=—> ,p" (%,,%),
A



Tap chi Khoa hoc Truong Pai hoc Can Tho
thoa diéu kién (i)-(iii) cia Pinh 1y 3.3. Pat

d(x) = Z u,.p'(x,,x), ap dung (i) va (iii) cla
n=0

Pinh Iy 3.3 va, v6i moi x € X , ta suy ra dugc (ii)

va (iii) cia Dinh ly 3.6.

Ta ching minh v6i moi n thi p(x,,x,)< A

no

B

P £
That vay, tr & =4 =1 va | — |p/(x ,x)<
at vay 0 = Ho (ﬂqu(n ) 7,

q

tacé p?(x,,x)<——<A’ dodd p(x,,x,)<A.

n
0

Nhén xét 3.2. Dinh 1y 3.6 téng quat hon Dinh
ly 2.5.3 trong (Borwein, Zhu, 2005) véi
YV :=RU{+oc},K =R ,k =1, p la khoang
cach métric va F 1a anh xa don tri. Khi X la
khong gian Banach thi Pinh ly 3.3 ta suy ra dinh ly
sau day.

Dinh ly 3.7. Cho X la khong gian Banach, ¥
la khong gian Hausdorff 16i dia phuong, K c Y 1a

modt non 16i dong c6 dinh va k, € K\{0}. Liy
F:X —> 2" la mot ham K -Isc tya bi chin dudi.
Ly {5,} 1a mot ddy s6 thuc khong am véi s, > 0.
Giasirang p: X — R U {400} la mdt ham nira
lién tuc dudi thoa

(@) p(0)=0,

(b) Vit X,p(t,)>0=t]|—0.

Khi d6 voi moi x, € X va sb duong tuy y
€>0 sao cho F(x,)z F(x)+¢k,+K, thi ton tai
mét ddy {x,} = X hoitu téi x, € X va mdt ham

P: X - R voidang w(x)= Zynp(x—xn), sao

n=0
cho
. &
1 x —x )<——,Vn,
) p(x, —x,) 73,

(i) F(x,) < F(x,)+p(x)k, +K,
Py ky & F() + 0k, Ve e X )

Hon nita, néu 0,>0 va 6,=0 véi moi
I>¢>0 thi(iii) c6 thé viét lai dudi dang
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va ham

(iii")

11
¢, X =R véidang v, ,(x) =D 6,p(x-x,),

n=1

VxeX\{Xg}a HNOZt

sao cho F(x,) +y, ,(x,)k, + 0, p(x, —x\ ) & F(x)
W (0ky +6,p(x —xy )k, + K.

Nhén xét 3.3. Trong truong hop dic biét, néu
F 1a anh xa don tri thi Dinh 1y 3.7 1a Pinh Iy 2
trong (Li, Shi, 2000).

Pinh 1y 3.8 (Nguyén 1y bién phan Ekeland tong
quat) Cho (X,d) la khong gian métric da, Y 1a
khong gian Hausdorff 16i dia phuong, K Y la
mot nén 10i dong co dinh va k, € K\{0}. Lay
F:X — 2" lamot ham K -lsc tya bi chin duéi va
A>0.Giasu p la w-distance (Kada et al., 1996)
thda p(x,x)=0 v6i moix € X . Khi d6 voi moi
x,€X va sb duong tiy y &£>0 sao cho
F(x,) ¢ F(x)+ek,+K, thiton tai x, € X thoa

(1) p(x,,x,) S 4,

(i) F(x,) < F(x, )+%k0 VK,
(111) F(x,)x F(x)+%p(x,x€)k0 +K,Vxe X \{x.}.

Chirng minh. Ap dung Dinh Iy 3.3 véi
6, =1,0,=0 voi n=1,2,... vaham %p(',«) thay

cho p(-,-), khi d6 ton tai x, € X thoéa (1)-(iii) ctua
Pinh 1y 3.8.

Nhin xét 3.4. Dinh 1y 3.8 téng quat hon Dinh
ly 3.1 trong (Ha, 2005) v6i p la khoang céach
métric.

) Pinh 1y 3.9. (Nguyén ly bién phan Ekeland
tong quat). Cho (X,d) 1a khong gian métric du, Y
1a khong gian Hausdorff 16i dia phuong, K Y 1a
mot non 16i dong c6 dinh va k, € K\{0}. Liy
F:X —2" la mot ham K -Isc tya bi chin dudi
vadl>0,g>1. Gia sit p la ham c& “gauge-type”.
Khi d6 voi moi x, € X va s6 duong tily ¥ &> 0
sao cho F(x,)z F(x)+¢&k,+K, thi ton tai
x, € X théa



Tap chi Khoa hoc Truong Pai hoc Can Tho

@) p(xp,x,) < 4,

. £
(i) F(x,) < F(xs)+Fk0 +K,
(i) F(x,) + - p" (6.0, )k, & F(2)
&
+Fp"(xo,x)k0 +K,Vxe X \{x,}.

Chimg minh. Ap dung DPinh 1y 3.3 véi
8, =16, =0 véi n=12,.. vi ham %pq(-,-)
thay cho p(-,-), khi d6 ton tai x, € X thoa (i)-(iii)
cua Dinh 1y 3.9.

Nhén xét 3.5. Dinh 1y 3.9 téng quat hon Dinh
Iy 2.4.1 trong (Borwein, Zhu, 2005) vé6i X = R"
la mdt khong gian Euclide, Y =RU{+oc},
K=R,, k=1, p(x,y)=|x—y| va F la anh xa
don tri.

Du¢i day chung t6i dua ra thi du dé minh hoa
cho két qua cta Dinh 1y 3.8 — 3.9 1a m6 rong thuc
su cua Dinh 1y 3.1 trong (Ha, 2005) va DPinh ly
2.4.1 trong (Borwein, Zhu, 2005).

Thi du 3.1.
ChoX=Y =R, K=R_, k =2,

xX—-y khix 2>y,
p(x,y) = : :
2(y—x) khix<y
o . (-1,1)  khix=0,
Xét anh xa da tri F(x)= .
0,2)  khix=0

vaeg=A1=1x,=1.

Khi d6 F la ham K -Isc tya bi chan dudi; p la
w -distance va ciing 1a ham c& “gauge-type”. Dé
dang kiém tra cac gia thiét cia Dinh 1y 3.8 va Pinh
Iy 3.9 thoa mén, do d6 ton tai x, € X thoa (i)-(iii).
Duya vio tinh toan tryc tiép ta c6 x, =0 thoa (i)-
(iii). Tuy nhién, trong truong hop nay p khong la
ham khoang cach métric (vi pham diéu kién doi
xtng) nén khong thé ap dung DPinh ly 3.1 trong
(Ha, 2005), cling nhu khong thé ap dung Pinh ly
2.4.1 trong (Borwein, Zhu, 2005).
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