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ABSTRACT

This paper focuses on studying parametric vector optimization
problems via improvement sets and investigating the Hausdorff
continuity of weakly efficient solution mappings of these problems.
Firstly, properties of improvement sets are discussed. Then, models of
parametric vector optimization problems via improvement sets and
their weakly efficient solutions are introduced. Finally, by using the
properties of improvement sets and convexity conditions of a vector-
valued mapping, sufficient conditions for the Hausdorff continuity of
these weak efficient solution mappings are investigated.

TOM TAT

Trong bdi bdo ndy, mé hinh bdi todn t6i wu vector phu thudc tham sé
duge tdp trung nghién ciru thong qua tdp cdi tién va khdo sdt tinh lién
tuc Hausdorff ciia dnh xa nghiém hitu hiéu yéu cho cdc bai todn nay.
Trude tién, mot sé tinh chét cia tdp cai tién dwoc xay dung. Sau do,
mé hinh bdi todn téi wu vector théng qua tap cdi tién va nghiém hiru
hiéu yéu ciia ching dwoc dé xudt. Cuoi ciing, bang cdch sir dung cdc
tinh chdt cia tdp cdi tién va tinh 16i ciia ham cé gid tri vector, cdc diéu
kién du cho tinh lién tuc Hausdorff cua cac anh xa nghiém hiru hiéu
yéu nay dirge khdo sat.

1. GIOI THIEU

khong gian nhiéu chiéu (Kuroiwa, 2003; Luc, 2005;
Sach, 2005; Flores-Bazan & Jiménez, 2009; Maeda,

Ly thuyét tdi wu 14 mot nhanh quan trong cua
toan hoc, dang phat trién manh, va ngay cang c6
nhiéu @ng dung quan trong trong cac linh vuc khoa
hoc, ky thuat, cong nghé va quan ly hién dai
(Kuroiwa, 2003; Herndndez et al., 2010; Jahn & Ha,
2011). Khi 4p dung vao nhitng truong hop thuc té,
ngay tir diu da nhan thiy rang, cac mo hinh trong
thuc té déu duoc xét & dang vector, tic 1a cac diéu
Kién rang budc va ham muc tiéu dugc cho trong
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2012; Zhao et al., 2013; Zhao & Yang, 2014; Zhao
& Yang, 2015; Chicco &Rossi, 2015; Dhingra &
Lalitha, 2017). Do d6, cac mé hinh tdi uu vector da
va dang 1a chu dé duoc nhidu nha toan hoc quan tam.
Céc mo hinh t6i wu vector thuong c6 nhidu phuong
phap tiép can khac nhau, trong d6 cach tiép can bang
tdp cdi tién duoc xem la mot trong nhing hudng
nghién ctiu rat hiéu qua va dap @ng tét cho nhiéu
dang nghiém hitu hiéu khac nhau cua cac mé hinh
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trong ti uu vector (Luc, 2005; Qiu & Yang, 2010;
Eichfelder & Ha, 2013; Chicco & Rossi, 2015;
Dhingra & Lalitha, 2017).

Trong nhitng ndm gan day, khi nghién ctru cac
van dé trong kinh té, cic nha toan hoc da dé xuat va
khao sat nhiéu tinh chit quan trong cua tdp cai tién
(Chicco et al., 2011; Chicco & Rossi, 2015; Lalitha
& Chatterjee, 2015). Cac két qua nay, ngay sau do
da dugc cac nha toan hoc ap dung vao viéc nghién
ctru cac tinh chit dinh tinh cua nghiém cho cac mod
hinh ti wru, vi du nhu, sy ton tai nghiém caa bai toan
ti uu da muyc tiéu (Chicco & Rossi, 2015), diéu kién
6n dinh va sy hoi tu nghiém cua bai toan tdi wu tap
(Dhingra & Lalitha, 2017; Mao et al., 2019), tinh 6n
dinh nghiém bai toan can bang vector phu thuoc
tham s (Wei et al., 2020). Gan day, cac tinh chat
nay cling da dugc khai thac va sir dung trong viéc
nghién ctru tinh 1ién thong ctia tap nghiém bai toan
can bang vector (Liang et al., 2020). Pay 1a hudng
tiép can rat hiéu qua, tuy nhién dén nay, cac két qua
dat dugc con it va chi mang tinh khai dau véi nhiéu
su goi mo.

Tinh lién tuc Hausdorff ciing 1a chi dé dugc rat
nhicu nha Toan hoc quan tdm d¢ khao sat cac tinh
Chét cua anh xa nghiém bai toan tdi uu, bai toan can
bang vector (Anh & Khanh, 2007; Anh et al., 2020).
Trén co s¢ do, trong bai bao nay,mo6 hinh bai toan
t0i uu vector phu thugdc tham s6 duoc thiét 1ap thong
qua tap cai ticn, khao sat tinh lién tuc Hausdorff cho
anh xa nghiém h{ru hiéu yéu cua bai toan nay.

2. KIEN THUC CHUAN BI

Cho X, Y va IP 1a cac khong gian dinh chuan, &
1 tp con khac rong cua X. Gia su Y* la khong gian
doi ngau cua Y va C 1a nén 161 dong c6 dinh trong Y
véi phan trong khac rong (intC # @). Ky hiéu nén
cuc duong C*cua C la

C:={eY:¢(y)=0,vVy€eC}
Cho R, tap hop cac sb thuc khong am va A 1a

tap con khac rong cua Y, ky hiéu bao dong cua A 1a
cleA. Non sinh ra boi A ky hiéu la

coneA:= {ta:t > 0,a € A}.
Ta néi A 1a dac néu intA # .

B dé 2.1. (Jahn, 2009, Bo dé 3.21, tr. 77) Néu
Y 1a mot khong gian t6 pd tuyén tinh thuc va C la
né6n 16i thoa intC # @ thi

intC ={y e Y:£(y) > 0,v¢f € c*\{0}}.

Bo dé 2.2. (Jahn, 2009, Pinh ly 3.16, tr. 74) Cho
A va B 1a hai tap con 16i khic rdng cia khong gian
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t6 pd tuyén tinh thuc Y vai int A # @. Khi 46, B n
inteA = @ néu va chi néu c6 mot ham tuyén tinh [ €
Y*\{0y+} va s6 thuc a thoa l(a) < a < I(b) V6i
moia € A,b € B, va

l(a) < a,Va € intA.

Pinh nghia 2.1. (Gopfert et al., 2003, Dinh
nghia 2.5.1, tr. 51) Mot anh xa da tri Q: X 3 Y duoc
goi la

(8) nua lién tuc trén (usc) tai xo € X néu véi mdi
lan cén bat ky U cua Q(x,) thi ton tai mot lan can
IV cha x4 sao cho Q(V) € U;

(b) nuta lién tuc duedi (Isc) tai x, € X néu voi bat
ky tap con m¢ U cta Y thoa Q(x,) N U # @ thi ton
tai mot 1an can V' cta x, sao cho véi moi x € IV thi

Q(x) NU # @;

(c) lién tuc tai x, néu ham usc va Isc tai x,.

B dé 2.3. (Hu & Papageorgiou, 1997, Ménh dé
2.6, tr. 37)
(a) Q 1a Isc tai xo néu v6i moi day x,, — x va
Yo € Q(xo)’ ton tai Yn € Q(xn) sao cho Yn = Yo-
(b) Q 1a Isc tai xo néu véi moi diy x,, — x, thi
Q(x,) < liminfQ(x,) trong do
liminfQ (x,,): = {yo € Y: 3y, € Q(x0), Y = Yo}-
Bo dé 2.4. (Hu & Papageorgiou, 1997, Ménh dé
2.19, tr. 41) Néu Q(xo) la tap compact, khi d6 Q 1a

usc tai xo néu va chi néu véi day bat ky {x,,} hoi tu
V& xo vay, € Q(x,,), ton tai day O, } hoitu véy, €

Q(xo)-
DPinh nghia 2.2. (Anh et al., 2017) M6t anh xa
datri Q: X 3 Y duoc goi la
(a) nita lién tuc trén theo Hausdorff (viét tat 1a
H-usc) tai x, € X néu v6i moi lan can B cua 0 trong
Y thi ton tai mot 1an can IV caa x, sao cho
Q(x) € Q(xy) + B, Vx € N;

(b) nika lién e dudi theo Hausdorff (viét tat 1a
H-Isc) tai x, € X néu vai moi 1an can B cua 0 trong
Y thi ton tai mot 1an can IV cua x, sao cho

Qlx) cQ(x)+B, Vx€ N;

(c) lién tuc Hausdorff tai x, néu ham Q 1a H-usc

va H-Isc tai x,.

B dé 2.5. (Hu & Papageorgiou, 1997, Pinh 1y
2.68, tr. 62)
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(a) Néu Q 14 usc tai x, € X thi Q 1a H-usc tai x,.
Nguoc lai, néu Q 1a H-usc tai x, va Q(x,) 1a tap
compact thi Q usc tai x,.

(b) Néu Q 1a H-Isc tai x, thi Q 1a Isc tai x,.
Nguoc lai, neu Q Isc tai x, va Q(x,) 13 tip compact
thi Q 1a H-Isc tai x,.

Bo dé 2.6. (Berge, 1963, Pinh Iy 2, tr. 114) Hop
F = Uj¢; F; ctia mot ho cac anh xa da tri nua lién
tuc dudi F; tir X dén Y ciing 1a mot anh xa da tri nira
lién tuc dudi tir X dén Y, véi I 1a tap chi sb.

Dinh nghia 2.3. (Gutiérrez et al., 2012) @ #
€ c Y duoc goi 1a tdp cdi tién tng vai (wrt) € néu
Oy ¢ € and £+ C = E£. Ho cac tap cai tién wrt ¢
trong Y ky hiéu la Je.

Néu C 1a nén c6 phan trong khéac rdng (intC #
@) thi intC 13 mot trong nhiing tap cai tién duoc
quan tdm. Hon nita, C\{0} € J¢, va Y\(—C) € Je.

Trong bai bao nay, xét £ c intC sao cho
irelgf(e) > 0,v¢ € C*\{0y}.
e

DPinh nghia 2.4.(Fu & Wang, 2003) Cho ¥ 1a
tap con khong rong cua X va x;, x, € K.

(a) Anh xa lién tuc Xy x,: [0,1] » X théa man
cac diéu Kien X, ,,(0) = x; va Xy, ,, (1) = x, S8
duogc goi la mot cung trén K twong (ng véi cac diém
Xq, Xy

(b) K dugc goi 1 lién thong cung néu véi moi
cap diém x;,x, € K, ton tai mot cung X,
trén XK.

Pinh nghia 2.5.(Fu & Wang, 2003) Cho X 1a
tap con khong rong cia X. Mot anh xa co gia tri
vector f:X — Y duoc goi 1a C-1ai theo cung trén X
néu véi moi x;,x, € K, x; # x,, ton tai mot cung
Xy, x, trén K sao cho voi moi t € [0,1],

A= 0O)f(x1) + tf (x2) € f( Xy, 0, (1)) + C.

Pinh nghia 2.6.(Liang et al., 2020) Cho @ #
¥ < X. Anh xa 6 gia tri vector f: X - Y duoc goi
1a €-gan giong 1oi trén X neu cl(f (K) + €) la tap
16i trong Y.

3. BAI TOAN TOI UU VECTOR THONG

QUA TAP CAI TIEN

Phan nay thao [uan vé tinh lién tuc cua anh xa
nghiém hiu hiéu yeu cua bai todn t0i uu vector phu
thuoc tham s6 thong qua tap cai tién E:

(VOP)¢ min f (x,p) v6i (x,p) € KX X P,

1.X2
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trong d6 f:H XP - Y la anh xa cb gia tri
vector va K, P 1a cac tap con khong rong cua X va
P.

Dinh nghia 3.1. V6i mdip € P, phén t x, €
¥ duoc goi la nghiém hizu hiéu yeu cua (VOP),, ky
hiéu x, € WEff(E, K, f)(p) néu vai moi x € K, ta
co

f(x,p) — f(xo,p) € —intE.

Bo d& 3.1. VGi mdip € P va € € ¢ la tap loi
dac. Khi do, néu f(:,p) la &-gan giong loi trén
thi

WESF(E, K, £)(p) =Ueeer\10,) We(P),
VoiW,(p) ={ze K:Vx e K,£(f(x,p)) +
inff(e) = £(f (z,p))}.

ees
Chang minh

(Diéu kién can) Cho x € WEFf(E, K, f)(p)
thi véi moi x € X ta co

f(x,p) — f(x,p) & —inté,
suy ra (f (%, p) — f(x,p)) N (—int€) = @.
Khi @6,
cd(f(K,p) — f(x,p) + E) N (—intC) = Q.
Vi f 1a £-gan giong loi nén

d(f(K,p) - fxp) + )

la tap 15i. Ap dung B6 dé 2.2, ton tai £ €
Y*\{0y+} va @ € R sao cho

2(feep) —2(f&p)) +2(e) = a = —2(c),
voimoix € X,c € C, e €E. Léyx =X, tacod
£(e) > —#(c),VcEC,e €E.

Vi € 1a nén nén £(c) = 0,véi moi ¢ € C. Piéu
nay kéo theo # € C*\{0y+}. Mit khéc, cho c =
0,thivoi mdi phin tir etrong £ ta thu
dugc 2(e) = 2(f(%,p)) — (f(x,p)), voi moix €
K. Hay,

infé(e) + £(f (x,p)) = £(f (%))
véimoi x € K nén x € W, (p).

(Dieu ki¢n du) LAY & €Uyec\0,.) We(p) thi
ton tai 2 € C*\{0y+} sao cho

2(f () + infl(e) = 2(f(%,p)), vx € K. (3.1)
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Gia sir ¥ ¢ WEFf(E, K, f)(p) thi ton tai £ € K
sao cho f(%,p) — f(X,p) € —inté, tic la

fG,p) — f(Xp) € int€ = € +intC.
Do do, tn tai & € €, ¢ € intC sao cho
f&p)—fXp)=é+i

Suy ra

2fEP) —2(f R, p) = 2(&) +2(0).
Vi£(¢) > 0 nén

2(8) < 2(f(%,p)) — 2(f(%,p)).
Mat khac,
inf?(e) < 2(8) < 2(f(& ) — 2@, p)),
tuong duong vai
2(f(2,p)) + inf2(e) < 2(f(&,p)),

diéu nay mau thuan véi (3.1).
Vi vay & € WESF(E, K, /) (p). "

Pinh 1y 3.1. Cho p, € P, £ € C*\{0y+}. Xét bai

toan (VOP)¢(p), gia st

(i) ¥ 1a tap compact;

(i) f lién tuc trén K X {py};

(iii) v6i mdi p € P, f(-, p) la C-loi theo cung
trén XK.

Khi d6, W, lién tuc Hausdorff tai p,.

Chang minh.

Chitng minh dugc chia thanh ba budc.

Budc 1. Ta chang minh rang W, usc tai p,. Gia
st nguoc lai W, khong usc tai pg, tic 1a ton tai‘ tap
mo U sa0~cho W, (po) © U va day p, hdi tu ve p,
thi véi moi n ta ¢o thé tim duoc x,, € W,(p,)\U.
Tir x, € X va tinh compact cua X' cho phép ta gia
su rang x,, = xo € X.

Ta ching minh x, € Wy(p,). Néu xo & W,(po)
thi ton tai z, € K sao cho

£(f(z0,po)) + inft(e) < £(f (X0, Po))-
Mac khac x,, € W,(p,,) ta duoc
£(f (2o, Pn)) + Infé(e) = £(f (xn, Pn))-
Két hop vai tinh lién tuc cua £ va f cho ta
£(f(20,p0)) + inf(e) = £(f (xo, Po))-

(3.2)
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Didu nay mau thudn véi (3.2). Vi vay x, €
W,o(py), mau thuan vi x,, & U.

Budgc 2. Bé chirng minh W, 1a H-Isc tai p,, ta
chitng minh W, Isc tai p, va W,(p,) 1a tap compact.
Pit

W,(p) = {z € K:Vx € K,2(f(x,p)) + infé(e)
e
>2(f(z,p))}

Gia sir W, khong Isc tai p, thi ton tai x, €
W,(p,) va diy p,, = p, sao cho véi moi x, €
W, (p,), X, # xo. Khi @6, c6 mot day {X,,} = X,
sa0 cho X, & W,(p,,) V6i moi m, tic 13 v6i mdi m
luén ton tai z,, € X,

t(f (Zm Pm)) + infl(e) < £(f (Xm Pm)),

Vi X la tap compact nén z,, = z, € XK. Tu tinh
lién tuc ctia € va f cho ta

E(F (20,p0)) + infe(e) < £(F (xo, o)),

didu nay mau thudn vi x, € W,(p,). Do d6 W,
Isc tai p,. Tiép theo, ldy bét ky phan tir X € W,(p,)
va x; € Wo(po), vi f(-,po) 12 C-16i theo cung trén
¥ nén ton tai mot cung Xy, trén X sao cho véi
moi t € [0,1],

(1= 0Of(x po) + tf (x1,P0)
€ f(xf'xl (t): Po) +C.

T d6 ton tai ¢ € C dé
f(xf,xl(t)! pO) = (1 - t)f(f! pO) + tf(xlr po) —C.

Do £ € C*\{0y+} nén £(c) = 0, diéu nay két hop
V('J! ¥ € Wy(po) va x; € We(po), khi d6 véi moi
phan ti x € X ta dugc

2(f (Xzp, 0, 00) < (1 = )L(f (%, 1))
+t£(f (x1, o))
<(1-¢t) [{’(f(x, po)) + irelgf(e)]
FL[E(f (5, po)) + Infe(e)]
< €(f(x,po)) + infe(e).

Khi t - 0, ta dugC Xgy, (t) = X va v6i moi
phan tir x € X,

O(F (X, (©,00)) < €(F(x,p0)) + infe(e).

Nghia 1a Xz, (t) € Wy(py) suy ra xe€
clW,(p,). Do dé

W, (po) < clW,(py).
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Nho tinh ntra lién tuc dudi caa W, tai p, ta dugc
W, (po) < clW,(po) < lim infW,(py)

C lim inf W, (p,),

tc 1a W, Isc tai p,.Liy x, € W,(p,) thoa
man x, = X,. Vi x, € K va X la tdp compact nén
Xy € K.Honnia, x, € W,(py) nén véimoiz € KX
cho ta

t(f(z,po)) + Inft(e) = £(f (xn Po))-
Do f va ¢ lién tuc nén
£(f (2,p0)) + Infé(e) = £(F (x0,P0)), V7 € K,
nghiala x, € W,(p,y). Tir do6 suy ra W,(p,) dong
trong K vi vay W,(p,) 1a tap compact.

Budc 3. Tir két qua ciia Budc 1 va Budc 2, ta
suy ra dugc W, lién tuc Hausdorff tai p,,. ]

Dinh 1y 3.2. Cho p, € P, € 1a tap con 16i dic cua
J¢. Gia sirrang

(i) ¥ 1a tap compact;

(i) f lién tuc trén K X {py};

(iiii) v6i mdi p € P, f (-, p) 1a C-16i theo cung va
E-gan giong loi trén XK.

Khi d6 WESf(E, K, f) lién tuc Hausdorff tai p,.

Cheng minh.

Trudce tién, ta chtng minh WEff(E, X, f) nua
lién tuc duéi Hausdorff tai p,. B6 dé 3.1 cho ta

WEST(E, K, ) () =VUsecr\(0,-3 We(P).

Theo Pinh 1y 3.1, véi mdi £ € C* \{Oy-}, W, nua
lién tyc dudi tai p,. T B6 dé 2.6 suy ra
WESE(E, XK, f) Isc tai py.

Tiép theo, ching minh WEf(E, X, ) (po) 1a tap
compact. Ldy bat ki phan tirx, €
WEST(E, K, f)(py) théa man x,, —» x. Khi d6, véi
moi z € X, ta co

f(2,p0) — f(xn, Do) & —intE.
Vi f lién tuc va Y\ (—int€) 1a tdp dong nén
f(z,po) — f(X,p0) & —intéE,

nghia 1a X € WESf(E, K, f)(py). Do do,
WESf(E, XK, f)(po) 1a tap con dong cuia tap compact
K nén no 1a tap compact. Vi vay, WEFf(E, X, f) la
H-Isc tai p,.

Cubi cung, ta ching minh WEff(E, %, f) 1a H-
usc tai p, bang cach ching minh WEff(&€, X, f) usc
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tai po. Gia st nguoc lai rang WEff(E, K, f) khong
usc tai py, khi d6 c6 mot lan can U, cua
WEST(E, K, ) (po) va day {p,} - {po} sao cho véi
mdi n, ton tai x, € WEff(E, K, f)(p,) thoa x,, &
Uy- Vi K latap compactnén x,, = xo € X. Vix, €
WEFE(E, K, f)(p,) nén ap dung B6 & 3.1, ta tim
dugc £ € C*\{0y+} sao cho

Xn € Wf(pn)-
Khi d6, vi moi x € K,

£(f (e, pw)) + Infe(e) 2 £(f (o, Pn))
Khi f lién tuc, ta dugc
{)(f(x' po)) + inff(e) = e(f(xo'po))-

Tae 14, xo € Wy(po) © WESF(E, K, f)(po) ©
U,. Piéu nay mau thuan vai gia thiét x,, € U, Vvoi
moi n. [

Nhan xét 3.1. Gan day, Mao et al.(2019) da sir
dung diéu kién 15i cua tap rang budc va diéu kién
tya 16i chit ciia ham muc tiéu va di nghién ctu
thanh cong céc tinh chat nira lién tuc trén va nira lién
tuc dudi Hausdorff cua tap nghiém bai toan tbi uu
tap thong qua tap cai tién vai hai méi quan hé thir tu
tap trén va dudi (Dinh 1y 4.2 va Dinh 1y 4.3). Trong
bai bao nay, phuong phap vo huéng hoa tuyén tinh
dugc sir dung dua trén bai toan b tro da duoc dé
xuét trong Anh et al.(2017). Véi huéng tiép can nay,
diéu kién 15i cua tap rang budc va diéu kién tua 15i
chat ctia ham muc tiéu da duogc giam. Do do, mac du
mo hinh dugc khao sat trong bai bao nay la mot
treong hop dac biét cia Mao et al.(2019) nhung
cach tiép can va két qua 13 hoan toan khac véi két
gua cua bai bao vira néu.

Cudi cing, mot vi du dwoc dwa ra dé minh hoa
cho kha ning ap dung cua két qua dat duoc & trén.

Vidu3.1ChoX =Y = R? C = R3%;
E=(1,1)+RZ;

2 2
K ={(x,y) € R%:x3 + y3 < 1}
Lay P =R;P = [0,1] va f: R? X R —» R?dugc
x4c dinh béi, véi moi u = (x,y) € R?
fup) = fCx,y,p) = e?(x?,y?).
* £(.,p) 1a C-1oi theo cung

That vay, véi mdi cap vector u = (x,y) va ii =
(%, ¥) trong XK, ta xét cung
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Uy

(1-20u,0<t<=

N

Cﬂu,ﬁ(t) = 1
(2t - 1)11,5 <t<1l

RO rang A, () 1a mot cung. Ta s& chi ra rang
véimoi t € [0,1] thi

A -fwp) + tf([@p) € f(Aua(t),p) + RE.
Xét 2 truong hop

* Truong hop 1:néu 0 < t < %thi

f(Auu(®),p) = eP((1 - 26)*x%,(1 = 2£)°y?)
€eP((1—-20)x?% (1 -2t)y?) —R?

€ (1—2t)eP(x? y?) —R2

€ (1—1t)eP(x? y?) —R2

€ (1—1t)eP(x? y?) +teP(x%,y%) — R2
€1-t)f(wp)+tf(@p) —RE.

\ £ 1 ~ ;
* Truong hop 2: néu ;St< 1, ta cling co

f(Auz(t),p) € eP((2t — &2, (2t — 1)y?) — R?
€ (2t — 1)eP(x%,y%) — R2

(t+t—1eP(x%y%) —R2

te?(x%,y%) — R}

(1 —t)eP(x? y?) + teP(¥*,7°) — R}

A -0f@wp) +tf([@p) — RE.

* DE thy X 1a tap compact; f lién tuc trén
K X {po} va f (-, p) 1a E-gan giong loi trén K thoa
céc diéu kién cua Pinh Iy 3.2.

Do do,

M M M M
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