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ABSTRACT

The Problem to find the maximum and minimum values (Min - Max
problems) that we would like to mention here is to find the maximum and
minimum values of the algebraic expressions or functions in the
mathematical textbooks Grade 10. In this article, we will use the tools of
the Anthropological theory to analyze the Problem. Therefore, the
objectives of the article are to show the characteristics of the Min - Max
problems in the mathematical textbooks Grade 10 and to clarify the
techniques used to solve the Problem. From the analysis results, we will
offer some general comments about this Problem.

TOM TAT

Bai todn tim gia tri Ion nhdt va gid tri nhé nhat (bai toan Min — Max) ma
chiing t6i muon dé cdp dén o ddy la bai toan tim gia tri lon nhat — gid tri
nhé nhdt cua biéu thirc dai 50 hay ham s6 trong chwong trinh todn 10
hién hanh. Trong bai viét ndy, ching t6i sé ding cdc cong cu cia Iy
thuyét Nhdn hoc dé phan tich bai todn trén. Do d6, muc tiéu cia bdi viét
la: chi ra cac dac trung cua bai toan Min — Max trong chuwong trinh todn
10; lam ré cdc ky thudt dwoc ding dé giai bai todn trén. Tir két qua phdn
tich, chiing téi dwa ra mét s6 nhan dinh chung vé bai todn nay.

1 GIOI THIEU
1.1 Ly thuyét Nhan hoc

Thuyét Nhan hoc dugc ching toi dung tham
chiéu trong bai viét nay 1a mot bo phan cia ly
thuyét Nhan hoc trong Didactic Toan. Ly thuyét
nay co nhiéu mang klén thirc nhung trong khuén
kho cho phep cua bai viét nay, chung toi chi dé cap

dén van dé sau:

To chirc todan hoc, té chirc sw pham

R _thanh  khai
praxéologie gom bon thanh t0 sau day:

Chevallard d3a hinh

— Kiéu nhiém vu T (chtra nhiéu nhiém vu )
hién dién trong mot thé ché nao do.

— KJ thudt t cho phép thuc hién cac nhiém
vu t cia cung mot kiéu nhiém vu T.

— Céng nghé 6 1a vin ban ly giai cho k¥
thuat 7.

— Ly thuyét © 1a cong nghé ctia cong nghé 6.

Tir praxéologie cb ngudn gbe tir hai thuat ngir

Latinh: praxis nghia la hanh dong (action) va logos

niém — gidi thich (discours, raison). Mt praxeologie

[7.7,0,0] duoc goi 1a mét: 76 chire todn hoc néu
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7,7,0,0 c6 ban chit toan hoc; 76 chirc

didactique néu T,7,0,0 co ban chat didactique.

Céc t6 chitc toan hoc dugc chia thanh bon cép
d6 khac nhau: 76 chure bg phdn (ponctuelle):

[7,7,0,0];T6 chirc  dia  phwong  (locate):
[ﬂ,ri,9,®]; 76  chirc  ving
[7,.7,.0.0]: T6 chic tong thé (globale):

[] 9 [] 9
|:T;jk’2—i/'k’€ij’®i:| .
1.2 Bai toan Min —Max

(régionale):

Cho biéu thirc (ham sd) y = f{x) c6 mién xac
dinhlaDcC R

- 7S(”') m duge goi la gia tri 16n nhit (GTLN)
cua biéu thirc (ham s0) f{x) trén D

{VxeD:f(x)Sm
=
Ix,eD:f(x))=m

Ta ki hiéu m = Max y = Max f(x).
) xeDy xeDf( )

— S6 m dugc goi la gi tri nho nhat (GTNN)
cua bi€u thirc (ham so) f{x) trén D
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VxeD: f(x)=m
Ix,eD:f(x,))=m

Ta ki hiéu m =Ml;)ny=Mlgaf(x).

2 BAI TOAN MIN - MAX TRONG SACH
GIAO KHOA TOAN 10

Cong cu chinh cta 1y thuyét Nhan hoc dugc
chung t6i sir dung dé phan tich bai toan Min — Max
1a t6 chuc toan hoc. O day, kiéu nhiém vu 7T tat
nhién 12 bai toan Min — Max, va van dé dat ra la
phan tich cac k¥ thuat dwoc sir dung dé giai quyét
T trong chwong trinh toan 10. Vi khudn kho bai
viét c6 han nén chung t6i khao sat chwong trinh dai
s6 (BS) 10 co ban (CB) va nang cao (NC) gém cé:
sach gido khoa (SGK), sach bai tap (SBT) va sach
gido vién (SGV). Pay la cac tai liéu chinh théng hd
trg cho viéc day hoc cia gido vién, do d6 chung t6i
chon céc tai liéu nay dé phan tich 1a thoa déng.

Trude hét, chiing t6i co bang théng ké vé sb bai
tap trong SGK va SBT DS 10 co ban va ning cao
vé kiéu nhiém vu 7 ddi v&i biéu thire mot bién va
biéu thuc hai hodc ba bién nhu sau:

Bang 1: Bang thong ké s6 bai tap vé Kiéu nhiém vu 7 theo s6 bién trong chwong trinh toan 10

SGK & SBT DS 10 NC

SGK & SBT bS 10 CB

Kiéu nhiém vu T

‘ S6 lwong Ti 18 S6 lwong Ti 18
Tim min — max cﬁq biéu thirc 1 bién ) 11 bai 78,57% 5 bai 100%
Tim min — max biéu thirc 2 hodc 3 bién 3 bai 21,43% 0 bai 0%

Tir Bang 1, ching ta nhan thdy kiéu nhiém vu T
dugc cho véi biéu thire chira ti da 1a ba bién. Diéu
nay la thich dang vi phi hop véi kién thirc trang bi
cho hoc sinh va nang luc cta hoc sinh & lop 10.
Bén canh do, c6 su chiém wu thé rd rét cua cac bai
toan tim Min — Max cta biéu thirc mot bién so véi
biéu thirc hai hodc ba bién. DPidu d6 chimg to
chwong trinh BS 10 phan 16n 1a tap trung luyén tap
cho hoc sinh kiéu nhiém vu 7 cho biéu thirc mot
bién, con viéc rén luyén kiéu nhiém vu 7 cho biéu
thire hai hodc ba bién thi kha han ché.

Phan tiép theo, chiing t6i s& chi ra cac k¥ thuat
dugc dung trong chuong trinh toan 10 dé giai quyét
kiéu nhiém vu 7. Pau tién, chung t6i xin trich dan
bai tap 13 (SGK DS 10 nang cao tr.110) va bai tap
4.21 (SBT DS 10 néng cao tr.105) dé phan tich

“Tim gia tri nho nhat cua ham 5o

f(x)=x+

voi x>17,
x—1

va 161 giai mong mudn cho bai tdp 13 duogc
trinh bay trong SGV (tr.156) nhu sau:

“Vi x>0 nén x—1 va la hai sé

x—1
dwong. Do do

/%) ot sl 2142 (x—l).i —142/2
x-1 x—1 x—1

va

Ddu bdng xay ra khi va chi khi x—1= "
X—

x> 1, tire la khi x =1+~2.
Viy gid ti nho nhat cia f(x) la
F(14v2)=1+242

Tiép theo 1a phan trich dan cho bai tdp 4.21
(SBT DS 10 nang cao tr.105)



Tap chi Khoa hoc Truong Pai hoc Can Tho
“Cho a >0, hdy tim gid tri lom nhat cia
y=x(a—2x)2 VOi OSxS%
va dudi day 1a 101 giai mong doi cho bai toan trén

a ,
“Do Oﬁxsz nén a—2x20. Ta cé

Ha-2' = ula2i(a-20 <, :

1 (4cra—2vta—2x)
4
! [2_@ ]
4\3) 271
Bdng thitc xdy ra khi va chi khi 4x=a—2x, tirc
li x=2,

6

3
. a
Vay gia tri nho nhat cua y la —— khi va chi

khi x=27,
6

Tir nhitng dong 10i gidi cta trich dan hai bai

toan trén, ch}'mg t6i ¢ thé rat ra mot ky thuat dé
giai quyet kiéu nhiém vu 7 nhu sau:

a. *Ky thudt 7;: sir dung bdt dang thirc Cauchy

Tim Min:

— Dung céc phép bién ddi dai s6 dua biéu thire
da cho vé dang tong cac nhom hang tor khong am
co tich cua chiing 1a hang so.

— Ap dung bit dang thirc Cauchy cho 2 hoic 3
s6 khong am ddi véi cac nhom thu dwoc & budc
trén dé dwoc két qua. Thong thudng ta s& st dung
cac bét dang thuc sau:

a+b>2Jab hodc a* +b*>2ab
a+b+c>33Jabc hodc a® +b* + ¢ >3abc

Tim Max:
~— Budc 1: dung cac phep bién ddi dai sé dua
biéu thire da cho ve dang tich cac nhom hang tir
khong am c6 tong cua chung 1a hang so.
— Budc 2: ép dung bétqdéng thirc Cauchy cho
2 hoac 3 s0 khong am sau dé duoc két qua

2 2
a +b
hodc ab <

ab<M
ST
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(a+b+c)3 @ +b +¢

3

Ciing can luu y, dang thirc xay ra khi va chi khi
dau bang trong bat dang thirc Cauchy xay ra. Liic
d6, ta xac dinh duge biéu thic dat Min — Max tai
gid tri ndo ciia bién. V6i ky thuat 7, ching ta
khéng nhitng giai quyét dugc kiéu nhiém vu 7 ddi
v6i biéu thirc mot bién ma con co thé ap dung ddi
v6i biéu thirc hai hodc bién. Moi ban doc theo ddi
phan trich dan bai tdp 4.24 (SBT DS 10 nang cao
tr.105) dé minh chimg diéu d6

abc < hodc abc<

“Cho a,b,c la ba s6 dwong. Tim gid tri nho
nht ciia

i)

a b c
+ +

A .
a+b

b+c c+a
va dudi day 1a 1oi giai mong mubn trong tai
liéu trén

“Pat b+c=x,c+a=y,a+b=z.

Do a,b,c dwong nén Xx,y,zduong va
a:—x+y+Z;b:x—y+z;c:x+y—Z. Khi
2 2 2

do ta co
—x+y+ -y+ +y—
e x+y Z+x y z+x y—z
2 2 2

:l £+Z+£+E+1+i_3
2\y x z x z y

1 3
2—.(23-3)=—.
2( ) 2

Hoc sinh ti gidi tiép.”

Tuy 1oi giai ctia bai toan trong trich dan trén
chwa hoan chinh, ching ta van thay rd sy ton k¥
thudt 7; trong 101 giai 4y. Diém khéac biét ciia bai
toan nay (bai tdp 4.24) so voi hai bai trén (bai tap
13 va bai tap 4.21) 1a cac phép bién d6i dang thirc
(c6 st dung 4n phu) dé dwa biéu thic dd cho vé
dang thuén loi nhat. Sau do, 4p dung bat ding thirc
Cauchy dé ta duoc két qua ctia bai toan.

Phan tiép theo, ching t6i xin trich dan bai tdp
4.14 (SBT DS 10 nang cao tr.104) d¢€ chi ra mot ky
thuat khac

“Tim gid tri nhé nhat cia biéu thire

£(x) =|x—2006] + |x — 2007

i)
>
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101 giai duwgc mong doi nhu sau Diu bang xay ra khi va chi  khi

f(x) :|x—2006| +|x—2007| 2|x—2006—(x—2007)| -1 x=120;y-220;z-—320 va x+ y+z=2006.
Chcfng han x=2000;y=z=3 thi

Pang thire xdy ra chang han khi x = 2006.

|x =1/ =1999;]y — 2| = 1;]z - 3| = 0.
Vay gid tri nho nhat ciia f(x) fal Vay gid tri nhé nhat cua Q la 2000.”
Theo phan 1oi Ngiéi CAﬁa r ich .dﬁn trfn,ghﬁngl 10 Loi giai ctia bai toan trén van ding k¥ thuat z
rit ra dugc mot ky thuat dé giai quyet kieu nhiém 44 055 "Ny vay, qua phdn trich din cua hai bai

vu T'sau: o ‘ ton trén (4.14 va 4.88) chiing toi c6 hai nhan dinh
b. * Ky thudt 7; : su dung bat dang thirc ve tri sau vé 7. Thir nhat 13 trong chwong trinh toan 10
tuyét doi tim Min cua biéu thirc k¥ thuét 7, c6 thé tim Min cta biéu thirc. Thir hai 1
— Pidu kién ap dung: khi trong biéu thic da KV thudt 7 duge st dung giai quyet bai toan tim
cho chira tdng trj tuyét déi céc da thirc va tdng Min cua bieu thirc dai so véi so bién khong qua ba.
(hogc hi¢u) cua ching 1a hang s6 hodc nguoc lai. Trong chwong trinh DS 10, ching t6i con nhan
— St dung cac bét dang thirc v& tri tuyét ddi théy mot k§ thuat khac dé giai quyét kiéu nhi¢m vu
sau dé duoc két qua T. O day, chung t6i xin trich dan bai tdp 4.11 (SBT

DS 10 néng cao tr.104) dé thay rd k¥ thuat do

0 @)
|a| + |p|=]a +b| = |a] - [B] (1); “a) Cho hai s6 a,b (a#b). Tim gid tri nho

|a|+[b|+|c|=]a+b+c| 3); nhét ciia biéu thire
(4) () —(x—a) _bY)
ol +[6{= a5/ -Jo Tx)=(ma) +is-e)

Nen 1 o dine bt i b) Cho ba s6 a,b,c déi mét khdc nhau. Tim

én luu y rang, dang thirc xay ra: ¢ bat dang G tri nhé nhét cia biéu thir

thirc (1) khi a va b cing ddu, & bat ding thae (2) S /e nrarand ’e;’ e : i

i {a>0 g(x)=(x—a) +(x=b) +(x-c),
1

va & bit ding thuc (3) khi a, b, ¢ cing

) b<0 o va sau day 1a 101 giai dugc mong doi trong phan
dau. Tuong tu, dau bang ¢ (4) xay ra khi a va b trai 101 giai cung nam trong tai li€u trén
déu, va ¢ (5) xay rakhi a—b>0. Do d6, ching ta , ,
¢6 thé xac dinh duoc khi ndo thi biéu thuc dat Min. S (x) =(x—a) ~|—(x—b) =2 —2(a+b)x+a2 +b
Chiing t0i xét tiép bai tdp 4.88 cdu b (SBT BS “a) a+b} (a—b)2
10 nang cao tr.117) :Z(X—zj 4—2

“Héy xdc dinh gid tri nhé nhdt cia cdc biéu
thirc sau: Ta c6 f(x) >

O=|x—1|+|y=2|+]z =3 voi|x| +|y|+|2| = 2006 ~

(a-=b)

voi moi a,b ; dang thirc

a+b a+b

2
xay ra khi (x— J =0, nikc la x=

(a=b)

“dp dung bdt ding thitcla~b|2|d|-|p| @ Vay f(x) dat gid ri nh6 nhdt ld "= iai

duoc

loi giai dugc mong dogi cua bai toan trén
nhu sau

a+b
|x—1|2|x|—1, = 2
|y_2|2|y|_2, Chii . Tranh sai lam khi suy ludn rang
|Z—3| Z|Z|—3. (x—a)2 +(x—b)2 >0 vdi moi x nén gia tri nho

Do @6 Q= |x|+|y|+|2| - 6 = 2006 - 6 = 2000. hit ciia f (x)1a 0.
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b) Hudng dan. Viét g(x) dudi dang

3(x—a+;7+c)2 o=ty +(b—30)2 +(c—a)

c. *Ky thudt t5: sur dung bién doi dang thirc
duwa vé dang tong cdc binh phuong

— Bién dbi biéu thirc da cho vé dang tong binh
phuong cia mot da thic hodc tong cac binh
phuong cia cac da thirc véi hang sb.

— Ta s& xét mdt trong hai truong hop sau:

Néu hé $0 phia trieée binh phwong la dirong
thj ta co: thé xac dinh Min cua biéu thire da cho la
hang so phia sau binh phuong va chi xay ra khi
biéu thirc bén trong binh phuong bang 0.

Néu hé s phia truée binh phiong la am thi
ta cé thé xdc dinh Max cua biéu thire dd cho la
hang s6 phia sau binh phwong va chi xdy ra khi
biéu thirc bén trong binh phwong bang 0.

Tiép theo, chiing t6i xin trich din thém bai tap
4.86 (SBT BS 10 nang cao tr. 116) giap ban doc
thdy 16 hon viéc s dung 73 dé giai quyét kiéu
nhiém vu T di véi biéu thirc hai bién.

“Tim gid tri nho nhdt ciia cac biéu thirc:
a) A=a’ +b* +ab—3a—3b+2006;
b) B=a’+2b* —2ab+2a—-4b—-12"
_va bén dudi la 161 giai duoc mong doi trong
phan 101 giai cua tai li¢u trén
“a) Ta c6 A=(a—1)' +(b-1)’ +ab—a—b+2004
=(a—1) +(b-1)" +(a-1)(h-1)+2003

{(a 1)+%} %(b—l)2+200322003.

Dau bang xay ra khi
a— 1+u=0 a=1
2 < b=1
b-1=0 -

Vay A nho nhit bang 2003 khi a =b =1.
b) B=(a-b+1) +(b-1) ~14>-14.
Véy B nho nhdt bang —14 khi a=0,b=1. "

Du biéu thirc di cho c6 chira mot bién hay
nhiéu hon, ching ta thay khong c6 su khac biét
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nhiéu trong cac budc xur Iy v6i ki thuat z. Boi vi,
o day chi can van dung thanh thao cac phép bién
d6i dang thic dé dua biéu thic da cho vé dang
tong cac binh phuwong cua cac da thic véi mot
hang sb. Tir d6, chung ta co thé két ludn Min —
Max cta biéu thirc da cho. Diém khac nhau & bdi
4.86 so v6i bai 4.11 c6 chang do6 chinh 1a d¢ kho,
bdi vi dé bién doi biéu thic chita cac bién khac
nhau vé tong hodc hiéu binh phuong khong phai
hoc sinh nao cling lam dugc.

3 KET LUAN

Nhu vay, d6i véi kiéu nhiém vu 7T thi trong
chuong trinh toan 10 c6 cac ky thuat gidi 1a 77,1, 73.
Mic du, kién thire v& ham sé (bac nhét va bac hai)
da duoc trang bi cho hoc sinh rat déy da. Tuy
nhién, ca ba ky thuét trén déu chwa van dung quan
diém ham s6 dé giai quyét kiéu nhiém vu ndy. RS
rang, néu van dung quan dlem ham s vao giai
quyét kiéu nhiém vy 7' ¢ mot sb truong hop thi bai
toan trd nén nhe nhang hon. Chang han, ching toi
van dung kién thirc ham s6 bac hai vao giai cdu a
baitgp 4.11 (SBT DS 10 nang cao tr.104)

“a) Cho hai sé a,b (a;tb). Tim gid tri
nhé nhat ciia biéu thire
f(x)=(x=a)" +(x=b)"”

Thay vi giai bai toan nay theo ky thut z; nhu
d3 dé cap o trén, ta bién ddi biéu thirc

f(x)z(x—a) +(x—b) =2% —Aa+b)x+d +b" .
Khi d6, f(x) c6 dang ciia mot ham s6 bac hai
f(x)=A4x’+Bx+Cv6id=2, B=-2(a+Db),
C=a’>+b*. Vi A=2>0 nén ham sb dat
Min tai dinh ctia parabol. Do do,
A 4(a+b)2—8(a2+b2)

Mmf(x)z—ﬂz— 2
_(a-b)
2
Khi _322(a+b):(a+b)'
24 4 2

Vi cach giai nay khong nhitng giap giai bai
toan gon nhe hon ma con dua mot cach tiép can
mdi cho hoc sinh d6 1a giai bai toan Min — Max
theo quan diém ham s, day ciing 1a soi day két ndi
ctia dai s6 va giai tich.
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Cubi cung, chung toi c6 bang thong ké vé cac 16n nhét va gia tri nho nhat ciia ham sé hodc biéu
k¥ thuat giai néu trén cho cac bai toan tim gia tri thirc & chuong trinh DS 10 nhu sau:
Biang 2: Bang thong ké s6 bai tip vé kiéu nhiém vu T trong chwong trinh toan 10 dwoe giai bing cac
ky thuat 7, o2, ©

K§ thuit SGK & SBT DS 10 NC ‘ SGK & SBT DS 10 CB ‘
: So lwgng Ti 1€ So lwgng Ti 1€
7 9 bai 69,23% 5 bai 100%
7 2 bai 15,385% 0 0%
73 2 bai 15,385% 0 0%

Dua vao Bdng 2, ta c6 thé théy wu thé gﬁn nhu 2. Ngl‘lyen Huy Dovan, Ph‘am Th!a Bac}} Ngoc,
A AA: o 1y a e \ Poan Quynh, Pang Hung Thang va Luu
tuyét doi cua ky thuat z; (chiém 69,23% & chuong Xuén Tinh, 2007. Sach bai tap Pai s6 10

trinh nang cao, 100% & chuong trinh co ban) so vdi nng cao. Nha xuét ban Gio duc. Ha N§i.

nva. 264 trang.
Cubi cing, ching t6i co thé rat ra mot sb két 3. Trin Van Hao, Vi Tuén, Dodn Minh
luan sau: Cuong, DS Manh Hing va Nguyén Tién
— Kiéu nhiém vu 7 dugc cho véi sd bién Téli,, 2007. Sach gido vién Pai s6 10. Nha
khong qua ba, va sy chiém wu thé cua bai toan tim xuat ban Giao duc. Ha Noi. 192 trang.
Min — Max cua biéu thoc mot bién cho théy 4. Tran Vin Hao, Vii Tuén, Dodn Minh
chwong trinh BS 10 chi yéu luyén tap cho hoc sinh Cuong, Pd Manh Hung va Nguyén Tién
kiéu nhiém vu T cho biéu thirc mot bién ma thoi. Tai, 2007. Pai s6 10. Nha xuat ban Gido
— Dbi v6i kiéu nhiém vu T thi trong chuong duc. Ha Noi. 175 trang.
trinh toan 10 phan 16n tap trung rén luyén cho hoc 5. DPoan Quynh, Nguyén Huy Doan, Ngyyén
sinh sir dung k¥ thudt 7; (st dung bat déng thirc Xuan Liém, bang Hung Thang va Tran Van
Cauchy). Vudng, 2007. Pai so0 10 nang cao. Nha xuat
— Viée sir dung kién thirc vé ham sd (bac nhét ban Gido dyc. Ha N?l' 239 trang. R
va bac hai) trong chuong trinh toan 10 dé giai 6. Doan Quynh, Nguyén Huy Doan, Nguyén
quyét kiéu nhiém vu T chua hé duoc nhic t6i. Day Xuan Liém, bang Hung Thang va Tran Van
1a mot tré ngai khong nho cho hoc sinh khi tiép can Vudng, 2007. Séch gido vién Dai s0 10
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