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Abstract

In this paper, we present definitions and some properties of the weak two-scale convergence (introduced by Nguetseng in
1989) for component-wise vector or matrix functions within a two-dimensional case.
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Tém tit

Trong bai bdo nay, ching t6i trinh bay cdc dinh nghia va mot s6 tinh chit cla hoi tu hai-kich thudc yéu (duge gidi thiéu
bdi Nguetseng vao nam 1989) cho cac ham vectd hodc ma trin trong mot trudng hgp hai chiéu.

Tix khoa: d6ng nhét héa hai-kich thudc; hoi tu hai-kich thudc yéu; hai chiéu

1. Introduction

Let us consider in dimension two, a bounded
reference domain Q = Q! x Q% € Rx R and a vari-
able x = (x!, x%) € Q. Within two-scale homog-
enization theory, when it is not possible to cal-
culate limit in terms of the usual weak limit, it
can be possible in terms of two-scale limit intro-
duced in 1989 by Nguetseng [1]. In this spirit,
we first present a brief review of the usual weak
convergence in L?(Q) then the definitions and
properties of the weak two-scale convergence
for component-wise vector or matrix functions

[2, 3,4, 5], in a two-dimensional case.

2. Preliminaries

Latin indices vary in the set {1,2}. The space
of functions, vector fields in B2, and 2 x 2 matrix
fields, defined over Q are respectively denoted by
italic capitals (e.g. L?(Q)), boldface Roman capi-
tals (e.g. V), and special Roman capitals (e.g. S).

Throughout the study, we use the following
list of notations [2]:

* Y :=[0,1]? is the reference periodic cell.
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* Cy(€) is the space of functions that vanish
at infinity.

* We denote by Cpe (V) the Y-periodic C*
vector-valued functions in R2. Here, Y-
periodic means 1-periodic in each variable
yhi=1,2.

* Hp,(Y), as the closure for the H'-norm
of ngr(Y), is the space of vector-valued

functions v € L?(Y) such that v(y) is Y-
periodic in R?.

1
(v)y = m/yv(y)dy.

Hper(Y) := (v € Hpe, (V) [(0)), = 0}.

* We write - for the canonical inner products
in R? and R?*?, respectively.

* < means < up to a multiplicative constant
that only depends on Q2 when appropriate.

The Sobolev norm || - [l @ is of the form
0

Q

2 2 i
||V||W(l),2(Q) = (||v||L2(Q) + ”Vv”u_Z(Q))z )

here, vz := lYlll2q), Where |v| denotes
the Euclidean norm of the 2-component vector-
valued function v, and Vvl 2(q) := IVVIl2q),

where |Vv| denotes the Frobenius norm of the
2 x 2 matrix Vv. We recall that the Frobenius
norm on L2(Q) is defined by IX|?2:=X-X =
tr(XTX).

Let € be a natural small scale. For prospec-
tive applications in homogenization, based on
[6, 7, 8, 9], we consider u.(x) € W(l)’z(Q) de-
pending only on x!, that is, u.(x) = u.(x!), with
boundary conditions of Neumann type. As no-
ticed in [10], we do not discriminate a func-
tion on R from its extension to R? as a func-

tion of the first variable only. We assume that
1

X" . .. . . .
u.(xH=u (—) is a periodic function in x! with
€

. . x! L .
period €, equivalently, u(?) = u(y") is a peri-

odic function in y! with period 1. It means that
for any integer k,

ue(xl) = ue(x1 +€)= ue(x1 + ke),

equivalently,
1 1 1
u(x—) = u(x—+ 1) = u(x—+k1) = u(y1 +k).
€ € €

3. Weak convergence

We describe the basic notions of the theory
of two-scale convergence (thanks to [4, 5]). Two-
scale convergence here can be viewed as a gen-
eralized version of the usual weak convergence
in the Hilbert space L?(Q), which is defined as
follows [4].

Let us consider a sequence of functions u, €
L2(Q). By definition, () is bounded in L2(Q) if

limsup/ luel?dx < ¢ < 0o,
€—0 Q
for some positive constant c.

We say that a sequence (ue(x)) € L*>(Q) is
weakly convergent to u(x) € L?(Q) as € — 0, de-
noted by u, — u, if

ue(x)-tpdx:/u-tpdx, (D

lim
e€—0 Q

Q
for any test function ¢ € L*(Q).

Moreover, a sequence (u¢) in L2(Q) is de-
fined to be strongly convergent to u € L?(Q) as
€ — 0, denoted by u, — u, if

lim ue-vedx:/u-vdx, 2)
=0 Jq Q
for every sequence (v¢) € L?(Q) which is weakly
convergent to v € L?(Q).

We then have the following well-known weak
convergence properties in L?(Q2).

(a) Any weakly convergent sequence is bounded
in L2(Q).

(b) Compactness principle: any bounded se-
quence in L?(Q) contains a weakly conver-
gent subsequence.
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(c) If a sequence (1) is bounded in L?>(Q) and
(1) holds for all ¢ € C;°(Q2), then u. — u €
L?(Q).

(d) If u, — ue L?(Q) and v, — v e L*(Q), then

lim

ue-vedx:/u-vdx.
e—0 Q Q

(e) Weak convergence of (1) to u in L?(Q) to-
gether with

hrn |u€| dx = /Iul dx

is equivalent to strong convergence of (u) to
uin L*(Q).

Throughout this paper, we denote by Y =
[0,1]2 the cell of periodicity. (In our case, a pe-
riodic cell has the form Y = [0,1] x [0,1].) The
mean value of a 1-periodic function y(y') is de-
noted by (), that is,

(p) = / wyHdy'.
Yl

Recall that y! = ¢! x!, and we do not distinguish
between a function on Y and its extension to Y
as a function of the first variable only.

Also, here, the symbol L2(Y) works not only
for functions defined on Y but also for the space
of functions in L?(Y) extended by 1-periodicity
to the whole of R?. Similarly, C;gr(Y) denotes the
space of infinitely differentiable 1-periodic func-
tions on the whole R?.

For later discussion, we introduce the follow-
ing classical result.

Lemma 3.1 (The mean value property). Let
h(y') be a I-periodic function on R and h €
L2(Y'Y). Then, for any bounded domain ), there
holds the weak convergence

1
h(x?) — (WY inI*Q) as e—0. (3)

Proof. The proof is based on property (c) and
can be found in [4]. O

4. Weak two-scale convergence

As mentioned in [4], in homogenization the-
ory, one often has to handle quantities of the form
(for our case)

Al
hm ue(x)((p(x)h( ))dx,

where u€ u,¢ € Ci°(Q) a scalar function, h €

per(Y ). In general, it is not possible to calcu-
late this limit in terms of the usual weak limit u.
However, it is possible in terms of the two-scale
limit introduced in 1989 by Nguetseng [1]. In this
spirit, we have the following definition of weak
two-scale convergence in L*>(Q) [2, 3].

Definition 4.1. Let (u;) be a bounded sequence
in L>(Q). If there exist a subsequence, still de-
noted by ue, and a function u(x, yl) e L2(QxYDh,
where Y1 =0,1] such that

1
lim | u.(x) (([)(x) h (x_)) dx
e—0 Q €

4)
_ / u(x, Y@@ h(y") dxdy!
QxY!l

for any ¢ € C3°(Q) and any h € ngr(Y ), then
such a sequence u. is said to weakly two-scale
converge to u(x, y'). This convergence is denoted

by ue(x)—u(x,yl).
For vector (or matrix) u., equation (4) im-
plies
lim
e—0 Q

:/ u(x,y") @, y"dxdy',
QxYyl

1
u:(x) - ® (x,x?) dx
&)

for every @ € L*(Q; Cper(Y'1)), whose choice is
explained in [11] (p. 8).

The Definition 4.1 makes sense because of
the following compactness result, which was
proved in [12] and first in [1].

Theorem 4.2. Any bounded sequence u, € L*(Q)
contains a weakly two-scale convergent subse-
quence.

Proof. The proof is obtained as in [4] or [5] with
the help of the mean value property (3). U
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Remark 4.3. Regarding the class of test func-
tions ¢ € C°(Q),h € C;Zr(Yl) in condition of
(4), it can be extended (with the help of the
density argument) to the class of test functions
e CPQ),he XY

Consequently, the convergence u, — u im-
plies the convergence

xl

uc(x)b (—)—mu(x,yl)b(yl), VbeL®(h.

€

(6)

We now have the following lower semiconti-
nuity property [4].

Lemma 4.4. If uc(x)—u(x, y'), then

liminf/ Iue(x)lzdxz/ Iu(x,yl)lzdxdyl.
e—0 Q QxYl
(7

Proof. The proof can be found in [4] or [5].
Specifically, denote by & a countable set of func-
tions which is dense in L2(Q x Y1) and consists
of finite sums of the form

O(x,yH) =) ¢;j@h;(yH, (8)

where ¢ € C(Q), hje CR.(Y).
For any test function of the form (8), using
Young’s inequality, we have

1
2/ ue(x)q)(x,x—)dxs/|u€(x)|2dx
Q € Q
ol
f fol= )
Q €

Letting € — 0, by definition of weak two-scale
convergence and the mean value property, we get

2
dx.

limiglf/|u€|2dx22 / u(x, yHo(x, yhdxdy!
€E—
Q Qxy!

- / ICD(x,yl)Izdxdyl.
QxY!
Now, choosing a sequence P(x, yl) = dp(x, yl)

such that ®; — u(x,yl) in 2(Qx Y1) as k — oo,
we obtain (7). O

Recall that a function ®(x, y') on Q x Y! is
said to be a Carathéodory function if it is contin-
uous in x € Q for almost all y! € Y! and measur-
able in y! for any x € Q.

Now, we formulate an important result about
the extension of the class of admissible functions
in the original Definition 4.1. More details and
proofs can be found in [11, 12, 13].

Lemma 4.5. Let u. — u(x,y"). If ®(x,y")
is a Carathéodory function and |®(x, yl)l <
Do (yh), Dy € L2(Y')), then

lim
e—0

1
Ue (x)D (x, x?) dx

Q

)
:/ u(x,yl)CD(x,yl)dxdyl.
QxY!

In particular, one can choose ®(x,y') =
PX)h(yY), P CPQ), he LA(Y).
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