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ABSTRACT

In this paper, we study the model of random walk with state space 7. We
use the method of moments as in Depauw et al.’s paper (2009) and Lam
Hoang Chuong’s paper (2014) to prove that this random walk conveges in
distribution to a normal law (Theorem 1.3) and give its rate also (Theorem
3.1). More precisely, with P be the corresponding Markov operator of
the previous random walk and a given function f, we solve the Poisson
equation (P—1)g = f and then treat the limits of its solutions, the rate
of the convergence is instantly given by the convergence of the moment of
random walk.

TOM TAT

Trong bai bdo ndy, ching téi nghién ciru mé hinh buéc di ngdu nhién véi
khong gian trang thdi la tdp 7.. Ching t6i sir dung phirong phdp moments
nhu trong bai bao cua Depauw et al. (2009) va Lam Hoang Chuong
(2014) dé chimg minh su hoi tu theo phan phoi den phan phoi chuan ciia
buoc di dang xét (Dinh ly 1.3) va dwa ra toc do hoi tu cua no (Dinh ly 3.1).
Chi tiét hon, véi P la todn tir Markov tuwong img véi bude di ngdu nhién
dang xét va ham f cho trudc, ta gidi phuong trinh Poisson
(P—1)g = [ r6i sau d6 tim gi6i han lién quan dén nghiém ciia né, khi

do toc do hoi tu sé dwoc cho boi sw hoi tu cua cac moment cua buoc di.

Trich ddn: Lam Hoang Chuong va Duong Thi Bé Ba, 2017. Téc d6 hoi ty trong dinh ly gidi han trung tam
cho budc di ngau nhién trong mot chicu. Tap chi Khoa hoc Truong Pai hoc Can Tho. 49a: 73-78.

1 GIOI THIEU

Ta xét mot bude di ngdu nhién (X))

Toan tir Markov twong tng véi budc di ngiu
nhién trén 1a f > Pf dugc xéac dinh boi

>0 tren

7 ¢6 cudng d6 dich chuyén sang phai hodc sang
trai 1 don vi 1a nhu nhau, hay con goi 1a budc di
ngau nhién can bang trong mot chiéu. Khi do, xac
suat chuyén ctia né tai vi tri bat ky k € Z ¢ thoi
diém 1 >0 dugc cho béi cac bidu thuc sau:

P{X, =k+1|X, =k}=1/2,

P{X, =k-1|X, =k}=1/2. (1.1)
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Pf(k):%[f(k—1)+f(k+1)], (12)

voi f 1a ham do dugc, bi chin trén khong gian

trang thai ciia budce di 1a Z. Hay noi cach khac,
v&i mo hinh cta budce di dang xét, ta luon co

Pf(X,)=BE[f(X,.)]X,],

véimoi 1> 0.
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Mo hinh budc di ngiu nhién can bang la
mot qué trinh ngu nhién c6 nhidu tmg dung trong
thue té. N6 1a sy ting thém va mat di mot ca thé
sau mot thoi diém cua quén thé nao do, con duoc
goi 12 qua trinh sinh va chét trong sinh hoc noi
chung. Trong kinh doanh, né la sy sinh loi va thua
16 mot luong tai san nhét dinh sau mot “giao dich”.
Khi ta xét trong vat Iy dong luc hoc, nd la sy “di
chuyén ngéu nhién ciia mot chit diém trén day
dan dong chét. Trong ly thuyét tro choi, do 1a sy
thing va thua cudc v6i xac sudt nhu nhau, con
duge goi 1a tro choi cong bang... Tt ca cac mod
hinh 4p dung trén déu dwgc xuit phat tir bai toan
n6i vé sy di chuyén ngdu nhién ciia mot nguoi say
rwou ma khong con kha nang phan doan duong di
cua minh.

Nhu ching ta da biét, trong mé hinh budc di
ngiu nhién cén bang thi moi trang thai cua n6 déu
hoi quy, tic 1a néu xuét phat tir mot trang thai ban
dau thi gan nhu chic chin qua trinh s& quay lai
trang thai ban dau do. vé mat toan hoc, ta luén
chung minh duogc

D> P(X, =k| X, =k) =+, véi moi trang

n=1
thai ban ddu k € Z. Cac két qua nay dugc trinh
bay trong tai li€u cua Norris (1998) va Ross
(2010). Piéu d6 giai thich ly do tai sao sém mudn
gi thi cac quan thé c6 cing md hinh s& bi “tuyét
chung”, nha kinh doanh sau mot thoi gian s€ pha
san hay ngudi choi co bac rdi ciing s& “nhin
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tai”....

Trong pham vi bai bao nay, ching ta xét mo
hinh ctia mét budc di ngdu nhién (X,) _, can bang
trén 7 ma c6 trang thai ban dau X , =0. Nhu da
phan tich & trén, trang thai 0 nay s& hdi quy, nd thé
hién sy “tap trung” s6 lan lap lai trang thai nay cua
bude di. Néu ta nhan thém mot hé sb chuén hoa thi
ham mat d6 cua no s& ra dang chuan khi sé bude di
n du lon, hay ndi cach khac ta s€ dugc mot dang
cta dinh 1y giéi han trung tdm véi ky vong bang 0
va phuong sai bang 1. Ta phat biéu dinh 1y dé nhu
sau:

Pinh 1y 1.3 V6i moi buée di ngdu nhién cin
bang (X)), nhu trén, ta luén cé

- (0.1),

In

khi n — +o0. Trong biéu thirc trén, #
ky hiéu cho hoi tu theo phdn phoi cua cdc biéen
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ngau nhién va j\/(o,l) la ludt phdn phéi chudn
tdc.

Hon nita, muc tiéu chinh cua bai bao nay khong
chi chitng minh Dinh 1y 1.3 ma con dua ra toc do
hoi tu cho no.

Céu trac cua bai bao duge sip xép nhu sau.
Muyc 2 trinh bay phuong phap chimg minh dugc st
dung trong bai bao. Két qua chinh ve toc do hoi tu
cho Pinh Iy 1.3 va chimg minh chi tiét ciia no dugc
dua ra & Muc 3. Cudi ciing 14 phan két luan van dé
6 Muc 4.

2 PHUONG PHAP NGHIEN CUU

Trong tai lidu cua Billingsley (1995) ¢ dé cap
dén phuong phap moments dé nghién ctru dinh 1y
gi6i han trong 1y thuyét xac sudt dugc trinh bay lai
nhu sau:

Dinh Iy 2.1 (Billingsley, 1995) Cho (Z,) _, va
Z 1a cac bién ngiu nhién cung xac dinh trén mot
z,')=E(z")

thi Z, hoi tu theo phén

khéng gian xac suit. Néu limE(

n—»w0

véi moi £ =1,2,3,....
phdi dén Z khi n —> oo,
Trong phan tiép theo, ta s& dung ky hiéu N 1a
tap hop cac bién ngiu nhién ma co tat ca cac
moment ciia nd hitu han. Sau d6, ta dinh nghia mét

danhxa d:NXNxN — [0;+OO] sao cho

=2 E(X'-Y"),

Ta c6 bo dé sau:

2.1)

B6 dé 2.1 Cho (Z,),,, va Z thudc tap N.
Néu lgg d(Z,,Z)=0 thi Z, hoi ty theo phan
phéi dén Z khi n —> oo,

Chttng minh. Tu cong thic (2.1) ta co

d(Zn,Z):io‘]E(Z,f—Z”).
(=1

Ap dung gia thiét
cia b6 @& limd(Z,,Z)=0 nén ta suy ra
n—>0

imB(Z,)=B(Z") voi moi (=1,2,3,....

n—o0

Theo Dinh Iy 2.1 ta dugc két luan ciia B6 dé 2.1

Trong phan tiép theo ta s& st dung anh xa d
va BO d& 2.1 dé tim téc d6 hoi tu trong Pinh 1y 1.3
Vi Z, =X, /Jn va Z~ N(0,1).
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3 KET QUA THUC HIEN

Véi mo hinh budc di ngiu nhién can bang nhu
da gidi thiéu & Muc 1, ta c6 két qua chinh vé toc do
hdi tu dén phan phoi chuan cua n6 nhu sau:

Pinh ly 3.1 Ta c6

X
d| —=,
Jn
bién ¢6 phdn phoi chudn véi ky vong bang 0 va
phuong sai la 1.

X*] =0(n™"?), trongds X la

o] day, ta nhéc lai ré“mg mot ham g(n) = O(a(n))

néunhu lim supla(n) / B(n)| < +o.

Vé téc do hoi tu trong dinh ly gi6i han trung
tam, truong hop don gian nhat nhu ta da biét la khi
cac bién ngau nhién doc 1ap cung phéan phoi (i.i.d)
thi c6 bac hoi tu la O(n™"?
dang xét thi budc di la mot xich Markov téqg quat
hon truong hqp ii.d, la mét dang cac bién phu
thudc va cho két qua cung bac hdi tu vdi truong
hop i.i.d.

). Trong md hinh ta

Trudce khi di vao chirng minh két qua trén, ta co
cac bo dé co ban nhung rat hitu ich sau:

B6 dé 3.1 Cho u,, v, la hai day 6 thuc

dirong va mét s6 nguyén khong am a € N . Gia sir

rang

lim— Zu(—u>0 va limv, =v>0.

n—»0 n [ 1 n—o0
Néu ci Y va YV déu hitu han thi
MV
hm—ZK“u Vv, = (3.1
o p a+l

Chtmg minh. Véiax =0, ta sé chi ra rang

lim — Zu/v( =uv.

n—o pn -1
Taco
1< 1< 1<
Zu/v/—uv < Zuf(v,—v)+2(u/—u)v
no n'D noo
1 1<
< —Zuf‘v,—vhv—ZMﬂ—u
n o=y no
< £

v6i moi ¢>0 khi 7 du 16n. Tir d6, ta co diéu phai
chirng minh.
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Bay gid ta gia sir rang (3.1) dung choa >0, ta
mong mudn réng no ciing dung cho « +1, tirc la

Uy, =——o
a2’

n—x0 n

Pat W, = (*u,v,, s dung phép bién déi

=1
Abel ta co
1 n . n—1 1
a+ — =
a+2 Zﬁ uy, = a+2 ZVVZ + a+l ' n
n /=1 n /=1
=—1 +1,.
uv
Theo gia thiétlim 7, = hm W, = ,
n—0 o™t +1
vatacod
—1
uy
e — S —_
'@+ D) (a+2) /Z,: f“” a+1
Z uv
= a+2 a+l
< &
voi moi &£€>0 khi m do 16n boi i
1 = a+1 ~ E o A A LA
— .0 — va cho n tién téi vo
=1 noy\n
cling ta s& c6 gi6i han bing I e dr =L Tar
0 a+?2
;4% A . uy NN
dé6dandén limJ =——— . Vivay,
n—® (a+1)(a+2)
. < uy uv
lim—— > 0",y =— +
n—o pte 4= ) (a+)a+2) a+l
_ouv
a+?2

va ta chung minh duoc (3.1).
B6 dé 3.2 V6i mot ham y :Z — R cho
trudc, s& ton tai duy nhat mot ham ¢ : Z — R sao

cho
{ (P-Dp=y:
p()=a; ¢(=1)=b.
Chumg minh. Ta ¢6 (P - 1)¢(0) =y (0) suy ra
P(=1)+p(1) - 24(0) = 2/ (0).
Tur d6 ta xac dinh duge ¢(0) .

(3.2)
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Véi m=22, ta xét (P—Dg(m—-1)=y(m-1).
N6 twong duong voi
[#(m) = p(m =1)] =[¢(m ~1) = $(m ~2)]+ 2y (m ~1)
va bang céach tinh d¢ quy theo m , ta dugc

Z@/(S)

s=l1

m—=1 m—1

#(m) = gD +[$(1)~$(0)] D 1+

(=1 (=1

Tuong tu, véi m < —2 tacod

-m (-1

¢(m) = (=D +[p(-D) - ¢(0)]Zl+z 2 2w(=s).

(=2 s=1
Nhu viy, ta dd chimg minh dugc rang ¢ 1a
mot nghiém duy nhét cua (3.2). Ta ciing két luan
duoc ring nghiém ¢ cua phuong trinh Poisson
(P—-1)p =y dugc dac trung boi cac gid tri cua
n6@(—1), #(0) va ¢(1) ma thoa man (3.2).

Ta bat dau ching minh dinh 1y 3.1. Xét mot

phan phéi chuan X*~ A(0,6°), v6i mdi
(=1,2,3,...,taco
0 khi ¢=2k-1
E{Xx*!= '
{ } (2k)k' khi 0 =2k.
k!2

Khi d6, véi méil =1,2,3,...
toc do hoi tu cta gisi han ciia moment bac £ cuia

X, /\n khi n— o,

ta can danh gia

Trudng hop moments bac chin, ta c6 ménh dé
sau:

Ménh dé 3.1 V6imdi k£ >1,taco

‘E{(X"/\/;)Zk—X*z"}

=0(n™").

Ching minh. Ta xét mt ddy cac ham f, >0,

xé4c dinh trén 7, sao cho

(P-Df,=f_, k=1
fi=1
£.0)=0, k=1

Theo B6 d¢ 3.2 ta ¢6 thé xdc dinh ham f| thoa

£=D=2 v f(1)=0
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m—1
230, khi o m=>2
=1

£om) 0, khi m=0,1

m =

! 2, khi m=-1
250, khi m<-2
=1

vavei k=2 ham f, théa f,(1)= f,(~1)=0

m—1 {
> 2fi(s), khi  m=2
/=1 s=1
Ji(m)= 0, khi m=-1,0,1
-m (-1
22/‘“ —-s), khi m<-2.
(=2 s=1

Khi d6, v6i moi s6 nguyén m va véi k>1 ta
co

(P=1)f(m)= f;_,(m).
Thay thé m boi X, valay ky vong ta dugc

E{fo (X0} =B{A (X +E{ /i, (X))}

véimoi n>0. Tur d6 dan dén voi mdi k >1 thi
k

B{A(X))~ 63

khi n dulén vi f,(0)=0 theo dinh nghia cua
f, va X, =0 theo gia thiét cua buéc di ngiu
nhién X, . Biéu thtc (3.3) dugc chimg minh bang
cach tinh d¢ quy theo & .

Biéu thuc (3.3) co thé viét lai mot cach hinh
thirc nhu sau:

Ta sé& thdy rang lim fi(m)/ m2* tOn tai va tir d6
m-—>o0

dan dén gii han lim E{ X/ nk} ciing ton tai.

n—>+a0
Budc tiép theo, ta s& tinh gi6i han cua
f.(m)/ m* bang cach sir dung Dinh Iy 1.1 va B6
d3.1.
B6 dé 3.3 Cho k>1
nghia nhu trén thi

, voi ham f,  dugc dinh
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k
o L) _ 2
% (2k)!

Trong phan tiép theo ta sé ky hiéu giéi han nay
la ¢, .

(3.4)

m—>+oo m

Chimg minh. Gi6i han nay dung cho k=1.
That vay, véi m >0 taco
£) _ g 2 mn=D)
)

lim ~—~—~% =1.

Gia sir rang biéu thic (3.4) van dung cho k>1,
ta mong mudn no ciing dung cho k +1, tirc 1a

f;ﬁl (m) 2k+1
e CQk+2)!
Ta co
1 4

szkcv)ﬁz[%} 2S%fk<s).

2k+1
E s=1

Ap dung B6 dé 3.1 va Pinh Iy 1.1 cho

u, =2, :s% fi(s) va a =2k thi biéu thic
otréenhoitydén 2"
2k +1)!
Mait khac
TS L S
mZ(k+l) m <=\ m £2k+1 ~ k :

Ta ta ap dung Bé dé 2.1 va Pinh 1y 1.1 cho

u, =1, = 62"” Zka(s) va a=2k+1 thi
., , 2k+1
biéu thire ¢ trén hoi tu dén Tur d6 dan
2(k+1)!

dén két luan cua (3.4).

Tuong tu, ta co cung két qua cho truong hop
m<0.

T B6 d& 3.3, véi moie >0, ton tai M >0
sao cho véimoi m > M thitacod

2k
m 1

Ji(m)

<gl2.

Cr

(3.5)
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Bay gio ta chia tap gia trj cia X, ra lam hai
phﬁn{| X, < M}U{| X, > M} va két hop véi
(3.3), (3.5) ta danh gia biéu thuc

x, Y 1 x, Y PACS)
Bl 2| Lo |=jmf[ 22| - L) 1)
In klc, n k!ck n
Néu {| X >M } thi biéu thirc & trén co thé dugc

viét lai la

X2k
Bl X
{\fk(X,,)
Néu {| X, <M} thi f,(X,)<oo. Tido
dan dén
(%) 1 a&x)|_ ¢
Jn kle, n* n*

véi C, khi n du 16n. Nhu vay, ta di dén két luan

k
n

Ji(X,)
2k

Cr

la

=0(n™),

2k
X 1
E n
Jn) | kle,
khi 7 du 16n. Ménh d& 3.1 da duoc chung minh.
Truong hgp moments bac 1é, ta c6 ménh dé sau:

Ménh dé3.2 Véimdi k>1, taco

E{(Xn )" }‘ — 0",

Ching minh. Ta xét mét ddy cac ham g, , xac

dinh trén 7, sao cho

(P-Ng =gy, k=1
8, =0
2,(0)=0, k>1.

Sir dung B6 d€ 2.2 ta ¢6 thé x4c dinh ham g,
thoa g (1)=1 va g (-1)=-1 nhu sau:

m—1
D1, khi o m=>1

(=0
g(m)y=< 0, khi m=0
5L, khi m<-1

(=1
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va v6i k>2 hamg, théa g, (1)=g,(-1)=0
nhu sau:

m—1

22

=

m>2

0
z g (s),  khi

s=1

0,

- (-1
2> D gua(=s), khi  m<-2.
/=2 s=1

g, (m)= khi m=-1,0,1

Khi d6, voi moi sb nguyén m va véi mdi
k>1taco
(P-Dg,(m) =g, (m).
D@ dang thay rang v6i mdi k >1 thi

voimoi n>0.

(3.6)

B6 dé3.4 V6imdi k=1 vaham g, dugc xéc
dinh nhu trén, ta c6

k-1
lim &M 2
moee T 2k - 1))

(3.7)

Trong phan tiép theo, gidi han nay dugc ky
hiéula d, .
Chtng minh. Tuong ty nhu bd dé 3.3.

T Bo dé 3.4, véi moie >0, s& ton tai
M >0 sao cho véimoi |m [> M thi

g, (m) —1

<é&.
m2k—ldk

(3.8)

Bay gio ta chia tap gia trj cia X, ra lam hai
phan{| X, IS M} U{| X, [> M} va két hop voi
(3.6), (3.8) ta dénh gi biéu thic

8 (X,)
d, '

&) - Hagel

Néu {| X, |> M} thi biéu thic & trén c6 thé

P&

duoc viét lai 1a

e

g(X,)
X g,

1-—

B
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khi 7 di lon. Néu {| X, [ M} thi g, (X,)<o.

Tu d6 dan dén

k-1/2 2
! d, | n

E 1 2k—1_gk(Xn)| < D,
(\/;)2/(—1
voi D, 1a hang s6 duong. Theo Ménh dé 3.1

thi biéu thire trong can béc hai sau cung bi chén
nén ta di dén két luan 1a

2k-1
X j — O(n"**)khi 7 du Ién.

=2

Bac hoi tu trong ca hai Ménh dé 3.1 va 3.2 déu
dung voi k >1 nén khi chon & =1thi ta s& c6 két
ludn ctia Dinh 1y 3.1. Nhu véy, dinh Iy chinh vé toc
d6 hoi tu da dugc chiing minh.

4 KET LUAN

Bai béo da danh gia duoc tbe d6 hoi tu cua dinh
ly gidi han trung tim cho budc di ngiu nhién trén
Z: véibac1a O(n™"?) thong qua cach xac dinh 4nh
xa d dya vao phuong phap moment. Ngoai ra, diém
méu chdt trong bai toan nay & chd ta co thé giai
dugc phuong trinh Poisson tuong tng véi toan tir
Markov P. Chiing t6i ky vong phuong phap nay cé
thé dugc ap dung cho cac bai toan khac co lién
quan.
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