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TOM TAT

Trong nghién ciru nay, chiing toi quan tam dén bai toan cuc tleu héa c6 diéu kién dudi su
nhiéu ciia ca ham muc tidu va cac rang bugc. Véi cac gid thiét vé tinh tua 16i manh, tinh lién
tuc Holder cia ham muc tiéu cing véi tinh lién tuc Holder cia anh xa rang bude, cde diéu
Kién dii cho sw 6n dinh theo nghia lién tuc Holder/Lipschitz ciia anh xg nghiém cac bai toan
trén duwoc thiét lap. Muc dich nghién ciru ciia chling tdi 1a tiép tuc cdi tién cac két qud trong
cac tac gia Li and Li (2014) va Anh et al. (2015). Cy thé 1a, ching tdi musn giam nhe cac
diéu kién vé tinh 16i/16m trong cac két qud trén ma vdn dat dwoc tinh lién tuc Holder/Lipschitz
cuia &nh xg nghiém bai toan cuc tiéu héa cé diéu kién. Nhiéu vi du ciing dwoc dwa ra dé minh
hoa cho céc két qud chinh cia ching tdi 1a méi va khac véi cac két qua trude day.

Tir khoa: Bai toan cuc tiéu héa cé diéu kién, lién tuc Holder, lién tuc Lipschitz, tinh tya 16i
manh

Trich din: Nguyén Hitu Danh va Tran Ngoc Tam, 2021. Tinh lién tuc Holder cta 4nh xa
nghiém bai ’toém cuc ti€u hda cé dieu kién. Tap chi Nghién ctru khoa hoc va Phat
trién kinh t€ Truong Pai hoc Tay P6. 11: 117-126.

*Ths. Nguyén Hitu Danh — Gidng vién Khoa Co ban, Trwong Pai hoc Tay P6
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1. GIOI THIEU

Phan tich su on dinh cua tap nghiém
clia cac bai toan lién quan dén téi vu l1a
mét chu dé quan trong va tha vi trong ly
thuyét t6i wu va tng dung. N6 ¢6 ¥ nghia
trong viéc xay dung md hinh, cac dac
trung ti wu, va ddi voi céc giai thuat sb.
Cho dén nay, hau hét cac két qua on dinh
nghiém bao gém tinh 6n dinh dinh tinh
nhu tinh déng, su hoi tu, tinh nua lién
tuc/lién tuc theo nghia Berge hoac
Hausdorff (Li et al., 2015; Khan et al.,
2015; Li et al., 2016; Khushboo and
Lalitha, 2018; Kapoor and Lalitha,
2019,... va cac tai liéu tham khao trong
d6), va tinh 6n dinh dinh lwong nhu tinh
lién tuc Holder/Lipschitz, tinh kha vi, tinh
dudi vi phén cua tap nghiém (Guo et al.,
2012; Eichfelder and Ha, 2013; Gfrerer,
2013, 2014; Li and Li, 2014; Gfrerer and
Klatte, 2015,... va céc tai liéu tham khao
trong do). Bang cach st dung cac gia thiét
lién quan dén tinh 16i manh va tinh lién
tuc Lipschitz ciia ham muc tiéu, Liand Li
(2014) da dat dugc tinh lién tuc Holder
ctia &nh xa nghiém bai toan cuc tiéu hoa
c6 diéu kien.

Gan day, tinh lién tuc Hélder cua anh
xa nghiém cua bai toan can bang da duoc
nghién ciu va nhan duoc nhiéu sy quan
tam cua nhiéu nha nghién ctu (Anh and
Khanh, 2009; Li et al., 2009; Li et al.,
2011; Li et al., 2013; Chen et al., 2013;
Anh et al., 2015; Anh et al., 2018). Ta
thay rang céc gia thiét lién quan dén tinh
don diéu manh, gia don diéu manh hoac
16i manh déng vai trd quan trong trong
cac bai bao duoc dé cap. Bang cac gia
thiét vé tinh don diéu manh, Anh and

Khanh (2009) da thu dugc tinh lién tuc
Holder cua anh xa nghiém cua bai toan
can biang vo hudng. Céc tac gia trong Li
et al. (2013) va Anh et al. (2015) da thay
thé cac gia thiét lién quan dén tinh don
diéu manh va tinh gia don diéu manh
bang tinh 15i manh dé thiét lap cac diéu
kién du cho su lién tuc Holder cia anh xa
nghiém cua cac bai toan can bang vo
hudng; va vai cung y tudng, truong hop
vecto dugc nghién ciru trong Anh et al.
(2018). Trong Li et al. (2009) va Li et al.
(2011), dé dat duoc tinh lién tuc Holder,
C4c tac gia da st dung céc gia thiét lién
quan dén tap nghiém, diéu nay rat kho ap
dung cho cac bai toan thuc té.

Tur nhitng quan sat trén, trong bai bao
nay, ching t6i dua ra myc tiéu nghién cuu
vé tinh lién tuc Holder cua anh xa nghiém
cho bai todn cuc tiéu hoa c6 diéu kién.
Cac gia thiét chinh cua bai bao nay 1a mot
su cai tién so véi cac gia thiét twong ung
da duoc su dung trong cac bai bao trudc
day. Dya trén mot 16p ham twa 16i manh,
chung toi thiét 1ap tinh lién tuc Holder cua
nghiém cho bai toan cyc tiéu hoa c6 diéu
kién. Chung toi ciing dua ra mot vi du dé
minh hoa rang céc két qua chinh cua
ching tdi c6 thé ap dung duoc nhung cac
két qua trudc do thi khong. Ngoai ra
ching tdi con cung cap mot phan vi dy dé
chi ra su thiét yéu cua cac gia thiét.

Phan con lai caa bai bao dugc trinh bay
nhu sau. Muc 2 gidi thiéu bai toan cuc
tiéu hoa co diéu kién va nhac lai cac khai
niém can thiét cho phan sau. Trong Muc
3, chling tdi thiét 1ap cac diéu kién du cho
tinh lién tuc Holder cua anh xa nghiém
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bai toan di néu. Cudi cuing, Muc 4 12 phan
ket luan.

2. MO PAU

Cho X,Y,Z la cac khong gian dinh
chuan, va Ac X, AcY,M c Z la céc
tap con khac réng. Cho K: A =3 A la énh
Xa da trj cO gia trj 16i, khac rong va f: A x
M — R. Ta xét bai toan cuc tiéu hoéa co
diéu kién phu thugc tham sé (4, p) € A x
M sau day:

(CMP) min f(x,p).

x€K(A)

Vi mdi (4, p) € A x M, taky hiéu tap
nghiém cua (CMP) la

SAp)={x e KWMIf(y,p) - f(x p)
>0, Vvy€eK@).

Trong bai b&o nay, ta str dung ky hiéu
Il cho chuan trong khong gian dinh
chuan bat ky. Ky hiéu R, 1 tap hop céc
s6 thuc khdng am va B(x,r) la qua cau
dong ban kinh r >0 co tam tai x.
conv(A) ky hiéu cho bao 16i cua tap A
X. Vi hai tap A, B c X, ta st dung khéi
niém khoang céach sau

p(A,B):= sup lla—">bll.

a€AbeB
Chay rang p(4, B) = +oo khi A hoic
B khéng bi chin. Ta nhic lai mot s6 khai
niém can thiét trong phan tiép theo.

Pinh nghia 2.1 Cho n,y > 0. Ta noi
rang

(@ mot ham g: X — R la n.y-lién tuc
Holder tai X € X néu ton tai mot 1an can
U cua x sao cho, véi moi x4, x, € U,

lg(x1) —g(x)l < nll xp, —x IIY;

(b) motanhxadatri K:A 3 X lan.y-
lien tuc Holder tai 2 € A néu va chi néu
tdn tai mot 1an can N cua A sao cho, véi
moi 1,4, €N,

K(A,) € K(Ay) + nB(0, 1l 1, — A, II").

Néu y = 1, thi tinh lién tuc Hélder
duoc goi la lién tuc Lipschitz.

Ta n6i rang mét tinh chat nao d6 dugc
théa man trén mot tap con B € X néu va
chi néu n6 thoa man tai moi diém cua B.

Pinh nghia 2.2 Xétg: X - R,B C X,
va h, B 1a cac s6 duong. Ta noi rang

(@) g la h. B-16i manh trén mot tap con
16i B néu va chi néu, véi moi x;,x, € B
vat € (0,1),

g((1 = t)x; + txy)
<A -0g(x) +tg(xz)
—ht(1—1t) Il x; — x, 1.

(b) g 1a h. B-tya 16i manh trén mot tap
con 16i B néu va chi néu, véi moi x4, x, €
Bvat € (0,1),

9((A = Dx1 +tx5)
< max{g(x,), g(x;)}
—ht(1 =) Il x, — x; IIP.

(c) g la h.B-gidng 16i manh trén B (B
khong can thiét phai 16i) néu va chi néu,
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véi moi xy,x, € B va t € (0,1), ton tai
Z € B sao cho,

g(@) < (1 -t)g(x) +tg(x;) —ht(1
—t) Il %, — x5 IIP.

(d) g 1a h. B-tya gidng 15i manh trén
B (B khong can thiét phai 16i) néu va chi
néu, véi moi x;,x, € Bvat € (0,1), ton
tai z € B sao cho,

9(z) < max{g(x;), g(x;)} — ht(1—1t)
I x; — x, I,

Chay 2.1 D2 thay rang tinh 16i manh
(gidng 16i manh) suy ra tinh twa 15i manh
(twa gidng 16i manh). Vi du sau day chi ra
chiéu nguoc lai khong ding.

Vi du 21 Cho g:R = R dugc xac
dinh béi g(x) = —x? — 2x véi moi x €
[0,1]. Khi d6, g la 1.2-tya 16i manh trén
[0,1] nhung, n6 khong nhiing khéng 15i
manh ma con khong 16i trén [0,1].

Ta ndi rang g 1a h.B-twa 16m manh
(gidng tua 16m manh) trén B néu —g la
h. B- tua 15i manh (giéng tua 16i manh)
trén B.

3. TINH LIEN TUC CUA ANH XA
NGHIEM

Trong muc nay, chdng toi phat biéu
cac két qua chinh cua bai bao. Cu thé, céc
diéu kién du cho tinh lién tuc Holder cua
cac anh xa nghiém d6i voi cac bai toan
cuc tiéu hoa c6 diéu kién phu thudc tham
sb duoc thiét 1ap. Vi su ton tai cua cac tap
nghiém da dugc nghién cau nhiéu, ching
t6i khong nghién ctru vé su ton tai va lubn

gia thiét rang cac tap nghiém l1a khéac rdng
trong mot 1&n can cua diém dang xét.

Pinh ly 3.1 Xét (CMP), gid sir rang
tdp nghiém cua (CMP) tén tai trong 1an
can N x U ciia diém (1,p) € A X M. Gia
st thém rang

(i) K la £. a-lién tuc Holder trén mgt
lan cdgn N cua A;

(i) véimoip € U, f(,p) lam.S-lién
tuc Hoélder ciing nhu h. B-tya 16i manh
trén conv(K(N));

(i) véi moi x € K(N), f(x,) lan.y-
lién tuc HOlder trén U.
Khi do, trén N x U, anh xa nghiém S

la don tri va théa man diéu kién Holder
sau: vdi moi (A1, p1), (A2,p2) € N X U,

1
4m€‘5>E

,D(S(Ap pl)!S(AZJ pZ)) = < 26h

=

as  /8n
||/11—/12||ﬁ+(7)

4
Il p; — p2 lI5.

Chizng minh. Ta chia ngi dung chang
minh thanh ba budc.

Bwéc 1. Xeétx;; € S(A4,,p1) Vax,, €
S(A,, py) thy y. Ta chitng minh rang

1

5N as
” X11 — X21 ”S (4:;? ) ” /11 — /12 " B (1)

Tur tinh lién tuc Holder cua K, ton tai
x, € K(4,) va x, € K(4,) sao cho
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| x4 — x5 IS 2|l /11 — AZ 1% Xy1 —
0 I 21 Ay — 2 1%, @)

1+x11

Vi K c6 gia tri 16i, taco 2= € K(1,)
x2+x21

va =———= € K(4,). Theo dmh nghia cua
tap nghlem, ta co,

f (x1+x11»p1) — f(x11,p1) = 0va

f(xzzxm' 1) f(x1,p1) 20 (3)

Str dung gia thiét tya 16i manh trong
(i), taco

(e ) <

max{f (xy1, p1), f (%21, P1)} _% I %11 —

X1 IIP. (4)
Truong hop 1:

max{f (x11,01), f (X21,P1)} =
f(x11,P1), khi d6 (4) suy ra

2 2y = X0 1P
< f(x11,P1)
X1+ x21
- f — 5 D1

< f(1p1) — f( ¥ rP1>

+f <x1 + X11 ,p1>
— f(x11,01)

<ml X1+t X X+ X ”5_2
. 2 2 28

Il x; — xpq 119

1)
s%@wfwﬂW=3;
I A, — A5 1199,
suy ra
.
s — x50 1< (222) g2, -
@ﬁ. ®)

Truong hop 2:

max{f (x11,01), f (X21,01)} =
f(x31,01), khi do (4) suy ra

Z Il X171 — X321 "ﬁ
< f(x21,P1)
X1t x21
- f — 5 DP1

X1 + X
< f(x21rp1) f(ulpl)
X, + X
+4172%)

— f(x21,01)

Xy + Xpq X171+ X321 s.m
< — —
sml > > I 25

Iy — 21 NI°
)
m
< 2—6(€ I 2, — A, ID* = 5
" /11 - /12 ”aé‘,
suy ra
1
£8
Il X11 — X21 < (4m ) Il /11
ad
A, 1B, (6)
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T (5) va (6), ta dugc bat dang thic
(2).

Buéc 2. Vi moi x,; € S(1,,p,) Va
X2 € S(A2,p2), ta €O f(x22,p1) —

f(x21,01) 20 va f(xz‘ppz) -
f(x22,p2) = 0. Ta chitng minh rang

Y
[ X214 — X292 1< ( )ﬁ Il P1 — D2 lI~. (7)

~ , -y . X - , +
Vi K c6 gié tri 13i, ta co %e

K(A,). Theo dinh nghia cua tap nghiém,
ta co

f (x21+x22'192) — f(x22,02) 20
Vaf (22 p ) — f (a0 p0) 2 0. (8)

2
Sir dung tinh twa 15i manh trong (ii), ta
co
f (x21';x22 ’ pz) <

max{f (x;1,P2), f (X22,P2)} — 5 | X1 —
X5, 1. )

Truong hop 1:
max{f (X1, p2), f (X22,P2)} =

f (x21,p2), khi @6 (9) suy ra
— Il X321 — x5 I3

4
< f(x21,02)

X1 + X33
()

21 T X22
< f(x21,02) — f( :Pz)
+ f(xzz'm) f (%21, 1)

+
+f (Mrpz) — f(x22,02)

—p W+nllp, —p, I"=2n

Il P1— P2 7,

<nl| p;

suy ra

Y
I 2y = g2 1< (5 )ﬁ I 1 — P, IIF. (10)

Truong hop 2:
max{f (xz1,02), f (X22,02)} =
f (x22,D2), khi d6 (9) suy ra

— X22 "B

< f(x22,02)

X1 T X2

— |l x
4 21

21 T X2
< f(x22,p2) — f( »Pz)
+ f(x21,p2) f(x22,p2)

Xo1 + X
+f (%»pl) — f(x21,01)

—p W+nllp, —p, I"=2n

Il P1— P2 ")/,

<nl p;

suy ra

Y
Il X210 — x22 IS ( )B I o1 —p2 15, (11)
Tur (10) va (11), (7) dugc chirng minh.

Buéc 3. V&i moi x;; € S(14,p1) va
Xp9 € S(A3,p2), tr (1) va (7), taco

Il X11 — X292 1<l X11 — X2q I +
[ X21 — X322 Il,
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suy ra

1
4m€5>3

p(S(1,p1), S5, p,)) < ( 26

|-

as  /8n Y
I A — 2, I+ (—) I py —p, I,

h

bPit 1, = 1, vap, = p, trong bt ding
thic trén, ta thiy rang duong kinh cua
S(Ay,py) bang 0 véi (1, p,) ty Y, nghia
14, anh xa nghiém S ladon tritrén N X U.
binh ly 3.1 da duogc chang minh. |

Cha y 3.1 BDinh ly 3.1 da cai thién
binh ly 3.3 trong Li and Li (2014) va Hé
qua 4.1 trong Anh et al. (2015) theo hai
phuong dién sau:

1. Tinh 16i manh caa ham muc tiéu f
trong thanh phan thir nhat duoc giam nhe
thanh tya 16i manh. Ta biét rang tinh 16i
manh 12 mot diéu kién nang va do d6 diéu
kién nay kho ap dung trong cac tinh
hudng thuc té. Vi vay, su giam nhe nay la
rat c6 y nghia.

2. Tinh chéat Lipschitz cua ham muc
tiéu f trong thanh phan tht hai dugc tong
quat Ién thanh tinh lién tuc Holder.

Vi du sau day chi ra truong hop Binh
ly 3.1 c6 thé ap dung duoc trong khi cac
két qua trong Li and Li (2014) va Anh et
al. (2015) thi khong.

Vidy 31 Cho X =A=RA=M =

[0,1], K(A) = [0,], va f(x,p) = (p +
1)x. Khi do, ta thay rang tat ca cac gia

thiét cua Pinh 1y 3.1 déu théa man Vai
l=lLa=1h=2B8=1m=26=
1,n =2,y =1.TapnghiémlaS(4,p) =
{0} lién tuc Holder véi moi (4, p).

RS rang diéu kién 16i manh cua f
khéng duoc théa man. Nghia 13, cac két
qua trong Li and Li (2014) va Anh et al.
(2015) khéng ap dung duoc.

Vi du tiép theo chi ra rang cac gia thiét
trong Dinh ly 3.1 1a thiét yéu.

Vi du 3.2 (tinh twa 16i manh l1a quan
trong) Cho X =4A=R, A= M = [0,1],
K@) = [4,2],(4,p) = (0,0), va
f(x,p) = p?(—x?). Khi d6, gia thiét (i)
thoéa mén véi | = 1, a = 1, va tinh lién
tuc Holder trong (ii) dugc thoa man vai
m = 4,8 = 1. Gia thiét (iii) thoa man véi
n = 8,y = 1. Tap nghiém la
[0,2],
{2},

Do d6, S(0,0) 1a khong don phan tir va
tham chi S khong nua lién tuc dudi tai
(4, ) = (0,0). Nguyén nhan la tinh tua
16i manh cuaa f trong (ii) bi vi pham.

p=0,

SAp)= { p # 0.

Trong truong hop dac biét khi K(4) =
K (K 1a mot tap khac rdng), thi tinh tua
16i manh trong gia thiét (ii) caa Pinh ly
3.1 ¢6 thé duoc giam xudng thanh giéng
twa 10i manh, va ching ta thu duoc két
qua sau.

Pinh ly 3.2 Xét (CMP) vai K(1) = K,
gia si tap nghiém ton tai trong 1an cgn U

123



Tap chi Nghién ctru khoa hoc va Phat trién kinh té Truong Pai hoc Tay D6

S6 11 - 2021

ciia diém p € M. Gid sir thém rang céc
diéu kién sau duwoc théa man

(i) véiméip € U, f(-,p) 1a h. -
giong tira 16i manh trén conv(K);

(i) véimdi x € K, f(x,”) lan.y-lién
tuc Holder trén U.

Khi do, trén U, &nh xa nghiém S la don
trj va théa man dieu kién Holder sau: vdi
moi  py,p, €U,  p(S(p1),S(p2)) <

1

(%n)ﬂ Il p1 — P2 ||ﬁ-

Chaing minh. Véi moi x; € S(p;) va
X, € S(p,), taco

f(x2,p1) — f(x1,01) 20, f(x1,p2) —
f(x2,02) = 0. (12)

Theo tinh gidng tya 16i manh cua f

trén K, ton tai 7 € K sao cho

f(Z,p1) = max{f(x;,p1), f (%2, 01} —
2y — xg I (13)

Truong hop 1:

max{f (xy,p1), f (x2,01)} = [ (x1,01),
khi d6 (13) suyra

h _
2 Il x; —x, (= f(x1,p1) — f(Z,p1)

< f(xuLp) — f(Z )+ f(Zp2)
— f(x2,p2) + f(x2, 1)
— f(x1,p1)
<nllpi—p; I"+nlp;—p, I"=2n
[ P1— D2 ”y’

suy ra

1
= Y
I 21 = 222 1= (52)7 1 py =, 1IF. (19)

Truong hop 2:

max{f (xy,01), f (x2,01)} = [ (x2,01),
khi do (13) suy ra

h _
2 Il x; —x; IF< f(x2,p1) — f(Z,p1)

< f(xp) — f(E ) + (2 p1)
— f(x1,01) + f(x1,02)
— f(x2,02)

<nllp,—p, IW+nllp,—p, I"=2n
I P1— P2 "y’

suy ra

1
2 Y
I x5 — 25 1= () 1 py — s IF. (15)

Do do

1
8n\p Y
7) Il p; — p, IA.

Pt p, = p, trong bat dang thirc & trén,
khi d6 duong kinh cuaa S(p,) bang 0 véi
p, tuy y, nghia la, anh xa nghiém S 1a don
tri trén U. [

4. KET LUAN

Trong bai b4o nay, bang céach sir dung
cac gia thiét vé tinh tya 16i manh, ching
t6i thiét lap cac diéu kién du cho tinh lién
tuc Holder cua anh xa nghiém cho bai
toan cuc tiéu hoa cd rang budc phu thudce
tham s6. Chung tdi cung cip céc vi du va
phan vi du d& minh hoa kha ning ap dung
cling nhu su thiét yéu cua céc gia thiét.

PSP, 5@ < (
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Céc két qua dat dugc rat c6 y nghia trong
toan hoc trng dung. Hon nira, ching toi
tin rang cach tiép can nay co thé &p dung
cho céc bai toan quan trong khac nhu cac
bai toan quan hé bién phan, bai toan bao
ham thtc bién phan,. ..
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ABSTRACT

In this paper, we are concerned a constrained minimization problem under perturbations of
both objective functions and constraints. Under the key assumptions of the strong
quasiconvexity, Holder continuity of objective functions, the Holder continuity of constrained
mapping, sufficient conditions for the stability in the sense of Holder/Lipschitz continuity of
solution mappings to such problems are established. Our study aimed at improving the
problem from the results of Liand Li (2014), and Anh et al. (2015). More precisely, we want
to relax the strong convexity conditions in the above results to the weaker one whereas
Holder/Lipschitz continuity for solution mappings to the constrained minimization problem
is also archived. Numerous examples are also given to illustrate that our main results are
new and different from the ones in literature.

Keywords: Constrained minimization problems, Holder continuity, Lipschitz continuity,
Strong quasiconvexity
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