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ABSTRACT

Cauchy-Dirichlet problem for the general Schrédinger
systems in domains containing conical points has been
investigated by Nguyen Manh Hung (1998). In this paper,
we study the second initial boundary value problem for
second-order Schréodinger equations  in cylinders with

nonsmooth bases (Q,,0<T <+oo. The purpose of this
paper is to study the unique solvability of generalized
solution of the problem.

TOM TAT

Bai toan Cauchy-Dirichlet a“ofi voi hé phwong trinh
Schrédinger tong quat trong mién chira diem non da dwoc
tac gia Nguyen Manh Hung (1998) nghién ciu. Trong bai

bao nay, ching toi nghién ciu vé bai toan bién ban dau
thir hai doi véi phicong trinh  Schrédinger cap hai trong

hinh try day khong tron Q,,0 <T < +oo. Bai bdo trinh bay

két qua vé sie ton tai duy nhat ciia nghiém suy réng.

Trich dan: Phing Kim Chirc, 2016. Sy ton tai va tinh duy nhéat nghiém ctia bai toan bién ban dau tht hai doi
v6i phuong trinh Schrédinger cap hai trong hinh try day khong tron. Tap chi Khoa hoc Truong

Dai hoc Can Tho. 47a: 114-119.
1 MO PAU

Bai toan gid tri bién d6i véi phuwong trinh
Schrodinger trong hinh try hitu han bién tron da
duogc xét trong cong trinh cua Lions va Magenes
(1972). Bai bao nay da cong bo cac két qua doi voi
phuong trinh Schrodinger voi cac hé sd a,,

nhirng ham khong phuy thudc vao bién 7.

Bai toan gia tri bién d6i v6i hé phuong trinh
Schrodinger trong hinh tru v6 han bién khong tron
da dugc xét trong cong trinh ctia Nguyén Manh
Hung va Nguyén Thi Kim Son (2008). Trong cong
trinh nay tic gia dd giai quyét bai toan v6i hé

phuong trinh Schrdinger tong quat.

Trong bai bao nay, ching t6i xet bai toan bién
ban dau thtr hai doi voi phuong trinh Schrédinger
cap hai trong mién try voi day khong tron. Cac h¢
s0 a,, (x,t) & day la nhitng ham phy thudc vao ca
B hai biénxvar.

Cho Q la mot mién bi chin trong R" n>2
voi bién cia nod la 0Q théa man diéu kién
'=0Q\{O} 1a mat kha vi vd han va Q trung véi

. X A A ) A A
néon K :{x:ﬂeG} trong lan can ctia goc toa do
X
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0, & d6 G 1a mot mién tron trong mat cau don vi
Sn_1 cia R,

V6i mdi s6 thue duong T, dit Q7 =Qx(0,T)
, ST =0Qx(0,T) , Qo =Qx(0,00) , Qoo =Qx(0,0)
.V6i mdi da chi sb az(al,...,an)eNn, ta dat
la|=aq +..+a,, vakihigu D¥ =L.
6x1a1 ...ax,‘f”

Véi mdi ham véc to gid tri phirc u=(uf ,...,ug)
xac dinh trong Q, ta ki hiéu DY =(D31 ,...,D;i ),
ou_olm  olus,
ol ot/ ot/

. s 2 1
upJ = u=( X fujlf)2 .
J=1

Gia sir [ 1a mot s6 nguyén khong am, trong bai
bao nay chung t6i sir dung cac khong gian ham sau.

C ! (Q) la khong gian cac ham kha vi lién tuc
dén cép [>0trénQ .

C(Q)=CO (©)1a khoéng gian cac ham lién tuc
trén Q.

[00)
Cc® (@)= U ' (Q)1a khong gian cic ham
1=0
kha vi v0 han trén Q .
Cy () 12 khong gian cac ham kha vi v6 han

c6 gia compact trong Q.

Ly(€Q2) 1la khong gian cac ham binh
phuong kha tich trén Q  v6i  chudn
1

il () =( ] ()P )2 .
Q

Ly (y,QQr) la khong gian cidc ham binh
phuong kha tich trén Q7 véi chuan
1
2 2yt 5
bz (@ 0r)=( [ mfe P dxdr)2 .
T

H ! (©Q) 1a khong gian gdm cic ham vec to
u(x) c6 dao ham suy rong DpueLz (Q),|pl=l,

vO1 chuan
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1
gt () =] = IDPuldn2<oo.
Q|pl<l
110’ Qr)(yeR) 1a khong gian gdm céc
ham u(x,t), (x,0)eQr c6 dao ham suy rong

DPuy | p|<I véi chuin
W07 gy =

1
(| S |DPule 7 dxdr)2 <o
Qr|pl<l

bac biét, chung ta dat

Ly (7.r)=0%0 (" Q7).

Hl’1 (e7/t Q7)) (yeR) 1a khong gian gdm céc

ham wu(x,t), (x,0)eQr c6 dao ham suy rong

DPu | p|<l véi chuan
bl e ap) =

1

(1% (DPuP+u?)e 2 dxd)2 <o,

Qr |pl<i

rr (0,T;Lp(Q)) 1a khong gian gom cac ham gia
tri phtrc do dugc u:(0,7)— Ly (Q),t—u(.,t) thoa
man

lll £ (0,731, (2))=ess sup [lu(.DlLy (Q) -

0<t<T
Bay gi¢ ching ta s& gi6i thiéu toan tur vi phén

sir dung trong suot bai bao

nog
L=L(xt.D)= ¥ -

0
(ajj—)+a, (1.1)
i,jzl 8)(3[ Jax]

6 do ajj=ajj (x,1), 1,j=1,...,n lacic ham gia tri
phitc bi chan kha vi v6 han trong Qo va
a=a(x,t)la ham gia trj thyc bi chdn kha vi v han
trong Q. Hon nita chung ta gia su
aij(x,0)=a jj (x,t) v6i moi ij=l,...n, diéu nay co
nghia la toan tir L tu lién hop hinh thue.

Gia st ré‘mg ajj, i,j=l,...,n lién tuc theo xeQ
déu vai te[0,00) va tdn tai mot hé'tng sd duong

o sao cho
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n —
Y ai(n0&E 200l Y EERM O} (x.)eQ . (1.2)
i,j=1
Trong hinh try O, 0 <7 <00, ching ta xét

bai toan bién ban diu thtr hai dbi voi phwong trinh
Schrédinger cap hai:

it Dyu—ug=f(x,0), (x,)e0r,  (1.3)
ul,_(=0, xeQ (1.4)
Ni =0, 1.5

”‘ST (1.5)
6 d6 f(xt) la vecto ham gia tri phuc,

L(x,t,D) latoan tir (1.1) da gidi thiéu ¢ trén,

Nu=N (x,t,D)u= Z alj(x t)
i,j=1 oxj

“cos(xi.v) s

v 14 vecto phap tuyén don vi ngoai dén S, .

Ham u(x,r) duoc goila nghiém suy rong trong
khong gian H0(e?,0r) cia bai toan (2.1) —
(2.3) néu u(x,t)eHl’O(eyt,QT), va véi méi 7,
0<7<T , dang thirc sau

—auip)dxdt +i | uifydxdt

u On
I(Z
a5 O

QT ’J =1

=i ] fidxdt
Or

8x
(1.6)

dung voi moi ham th neH Ll (e’ t,QT) , sao
cho n(x,)=0,te[7,T).
2 TiNH DUY NHAT NGHIEM

Dinh 1y 2.1 (Pinh li vé tinh duy nhét nghiém
cua bai toén). Gia sur cac hé so cua toan tir L(x,t,D)
thoa man diéu kién (1.2) va

up{ —| } 10,0, j=1,...,0, (x,£)eQp , u=const > 0 .

Thi bai toan (1.3)-(1.5) c6 khong qua mot
nghiém suy rong trong khéng  gian

1,0, yt n!
H > R -
(e QT)r!(n—r)!

Pé ching minh Dinh 1i 2.1 trudc tién ta gidi
thiéu cac bd dé sau cho co thé tim thay cach chimg
minh né trong Nguyén Manh Hung, Nguyén Thi
Kim Son (2008).

Ki hiéu

véi moi y>0.
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——a(x Huv)dx .

B(uv,t)=]( Z alj(xt)

Q i,j=1 i0xj
B6 d& 2.1 Gia st cac h¢ sb
aij—aij(x t),i,j=l1,..,n,a=a(x,t)cia toan tu

L(x,t,D) théa man diéu kién (1.2) va aij(x,t)
lién tuc theo xeQ) déu voi Qo). Khi d6 ton tai

hing s6 Ho>0 sao ChOB(u,u,t)Z,uO Full s
H (©)

Yu e Hl(Q),t € (0,4mo) .
(Xem Nguyen Manh Hung and Phung Kim
Chuc (2012) d€ biét chi tiét vé sy ton tai cia 14,
B6 dé 2.2 (Bat dang thirc Gronwall-Bellman)
Gia sir u(t) va ¢(¢) 1a nhitng ham kha tich khong
am trén doan [0,T] va @(¢) c6 dao ham ¢'(¢) kha
tich trén [0,T] sao cho

t
u(t)<g()+L [ u(r)dr
10
v6i moi t€ft,T],t9p=0, & d6 L 1a hang sb
duong. Khi d6

u()<hli0)+ | HED (21
0
véi moi teftg,T] .
Bay gio¢ ta chiing minh dinh Ii 2.1.
Chitng minh. Gia sir ton tai >0 bai toan (1.3)
— (1.5) c6 hai nghi¢ém suy rong U, va U,. Dat
u=uj—ureH"0 (e ,0r) . Khi d6 u thoa man ddng

nhét thirc tich phan (1.6) voi £ = 0 va u(x,0) = 0
Dinh nghia ham 77(x,#) nhu sau:

0 bt<T
)= 2.1
n(x0) Ju(x,r)dr  0<t<h .1
b
Khong kho khin ta kiém tra duoc

n(e)eHY (@ 0r), n(x0=0 v6i telb,T) va
co 1y (x,t)=u(x,t) véimoi (x,t)eQp.

Thay wu=n; va chon ham thur lai chinh ham 7
da chon ¢ trén vao (1.6) véif =0, ta nhan duogc.
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a——ann)dxdtﬂ | nemy dxdt 0- (2.2)

I(Z al‘]i
0x j Ox;
Op

Op i,j=1

Cong dang thirc (2.2) véi lién hop phirc cua n6
ta duoc

o on on
(772‘77)

n
[(X a 1"8[6 6

Op i,j=1

Nho tich phan timg phan theo ¢ va diéu kién

(nn)dxdt 0.(2.3)

u(x,0)=0, tanhan dugc dang thic sau:
Bun 0= & f 2;7 ;’7 di= | gt (24)
L,j=10p O
Sur dung gia thiét vé a;,a va bit ding thic
Cauchy ta duoc
InGONE | <P | (C=(H)ul py>0) (2.5)
H Q)
Bay gio ching ta dat

0
v;(x,0) = IMdT,O<t<b,i=l,...,n,
p Ox;
0
vo (x,1) = Ju(x,7)dr
t
Véi cach dat nhu trén ta co

on(x,t) _ ? on(x,7)

ox; dr =v;(x,b) -

] X,l a.
I v (00,0
=L..,n,n(x,1) =vy(x,0) = vy (x,1)

on(,0) _
Ox;

v (x,0),i =1,...,n,n(.,0) = vy (x,D)

GO . =% bR (2.6)
o) S 2@ |

Thay vao (2.5) ta dugc

n 2 n 2

.ZOHVZ'(-,b) Iz, ()= ZCb.ZOHVi(-J) 12, ()

= = 2.7
- (2.7)

+2CT ¥ |wi(

2
DT ot
0i=0 L@

Bay gio ta dat

J(0)=3 (e
(t)_iz:()'h}l(x,t)”l‘z(g)
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b
ta nhan duge (1—2Ch)J(b)<2C JJ(t)dt,

C = const > 0 v6i hau khip be[O ] Ap dung

Bét déng thirc Gronwall-Bellman ta duoc J(b)=0

v6i hau khip be[O ] do d6 u(x,b)=0véi hau

khip he[0 Dung li luén tuong ty nhu trén va

4C]
sau hitu han budc ta duoc u(x,h)=0 v6i hau khip
be[0,T]. Mit khéc, vi T 1a sé duong bat ky nén ta
c6 két luan uy(x,b)=uy(x,b) trong khong gian
10" o).

DPinh li dugc ching minh.
3 SU TON TAI NGHIEM

Pinh 1y 3.1 (Dinh 1i v& sy ton tai cua nghiém
suy rong). Gié st cac hé sé cua toan tir L(x,t,D)
thoa man dicu kién (1.2) va

i) sup{

i) f,freLl™(0,0;L)(Q)),
iii) f(x,0)=0.

— 4, j=L...,n,¥(x,t)e0r , pi=const > 0
aII&I}ﬂJ (x,)e0r 1

Khi d6 ton tai mot héng sb Y sao cho voi mdi
y>yo, bai toan (1.3)-(1.5) c6 duy nhit mot

nghiém suy rong wu(x,t) trong khong gian

a0 (eyt ,Or) . Hon nita bat déng thirc sau dung

lul <C(l /(. 0) ||%2(Q)

Y0 ,0,)
2 2

T 0 0y @) T 2 0,015 )

& d6 C 1a hing sé duong khong phu thude vao u va

f.

Chitng minh. Su duy nhat nghiém ctia bai toan
dugc suy ra tir Pinh 1i 2.1. Sy ton tai nghiém cua
bai toan (1.3)-(1.5) dugc chiing minh nho phuong
phap xap xi Galerkin.

Gia str {gok(x)}f:l la mot hé ham trong

H 1(Q) sao cho bao dong tuyén tinh cua né lai

chinh la H 1 (Q)va mot hé¢ tryc chuén
L>(Q) . V&i mdi s6 nguyén duong N ta xét ham

trong
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N
Nos e e )
k=1

6 do (qN (t),...,C%(t)) la nghiém cua hé

phuong trinh vi phan thuong tuyén tinh cép hai:

N
n au™N gy
[( X g a; aw ~auNgp)d-i [ X yax
Q i, j=1 Q (3.1)
=i fipdx
Q

v6i didu kign ban ddula  CJY (0)=0, k=1....N
(3.2)

ClN(t) va 1dy ton
dt y tong

Nhan dang thirc (3.1) véi

theo / tir 0 dén N, ta nhan dugc:

6ut —auNut )dx
6xj Ox;

(% a

Q=1 (3.3)

—i| utNutNdxzif futNdx
Q Q
Gia sir 7 1a mot sb duong, 7<T', tich phan hai
vé cua (3,3) theo ¢ tir 0 dén 7 ta duoc

ajj —auN N )dxdt
6x joOx;
L 3.4)
—i| utNutNdxdt =i [ fuy dxdt
Or Or

Cong (3.4) véi lién hop phirc cua n6 ta cod

n o ol e auN oY
[ (X aj PG
Q‘[ iaj_l ] l

=2Im | ful¥dxdt
Or
Tir day, tich phan timg phan (3.5) vai diéu kién
(3.2) ta nhan dugc

)-a —(uN ) Yavdi

3.5)

N Saijou” o _da N, N
Bl 7)_QJ (11 o o g a4
(3.6)
+B@N uN 0)-2Im | f(x,O)u (x,0)dx

Q

+2Tm[ | f(x,r)ﬁ(x,r)dx— ) .ﬁﬁﬁdt]

Or
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Ap dung b6 d& (2.1) va bat dang thirc Cauchy ta
duoc

Mo

I @)

MJ N Qo2 (e

Ho—¢
+%IIMN(-J)H2H1(Q) 3.7)
Y el 17O Hizm)
+Hf||L (0oL ()

”ft”L (0,00 LQ(Q))]
ddo O<e<yy.

Ap dung bd d& (2.2) ( bdt dang thirc Gronwall-
Bellman ) vao (3.7) ta duoc

1 (. r)||H @°
(3.8)

s ”L (0,053 (€2))

(n+D)u+e
HO—¢

Gl f¢,0) ||L2 Q)

HftHL (0.00315 (D) le

& do
(n+D)u 1
Ho—¢ " &(up—¢)
(n+Dp_
2ug

1>0.

Cl=max{

(n+) p+e

bat o= .
ge(0, 1) 2(H0—¢)

V6i mdi hiang sé dwong ¥ sao cho y>y( ta

thdy ton tai mot hang s6 duong £€(0, () sao cho

(n+l),u+e> 0=(n+l)y hay _2y+(n+l),u+8<0.
2(1p—¢) HO—€
Nhan ca hai vé cia (3.8) véi 6_27 T, sau do

liy tich phan theo bién 7 tir 0 dén 00 ta dugc

N 2 2
I u HHLO(e}/t,QOO)Scz[Hf("o)H]Q(Q)
HfHL (0L () Hf,HL (0L (Q))]
(3.9)
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6do C, la hang s6 duong chi phu thudc vao
Hova .

Tir (3.9) suy ra {“N}%:l la mot day bi chin
d&u trong khong gian 107 o) .

Do d6, c6 thé léy ra dugc mét ddy con cia day
@y (ta van dung ky hi¢u 1a {uN}) hoi tu yéu
trong A0 0,) t6i mot ham u(xr) €
Hl’o(e_ﬂ,Qoo) )

Bay gio ta chiing minh u(x,t) la nghiém suy
rong cua bai toan (1.3) — (1.5) trong khong gian
HYO @ 0,0) . That vay: do u® (x,0)=0 nén da
dang ching minh dugc u(x,0)=0 trong 2, tic la
diéu kién ban dau dugc théa man. Ta con phai di
chung minh ham u(x,r) théa man hé thuc (1.5).

Nhan ca hai vé (3.1) véi dj()eH'(0.T),

dj(T)=0. Lay tong dang thic nhan duoc theo tat
cal tr 1 dén N va lay tich phan theo 7 tir 0 dén T.
Sau @6 lay tich phan tirng phan theo ¢ s6 hang dau
tién, chiing ta nhan duogc

N —
I ( g aij%%—au]vﬁ)dxdt—i]‘ utNﬁdxdt
o ij= " or (3.10)
=i [ fidvdt

Oor

Ta thiy ngay
[ uNidvdi= | u™ (x.0)n(e0)dx— [ u ppdvdr (3.11)
Or Q Or

Thay (3.11) vao (3.10) ta ¢6

N —
n .
[ aijau—g—n—auﬁ)dxdt-i—i | uNryzdxdt
or ij=1 = %j % or
=i [ uN (x0)ppdx+i | fipdd
Q or

Cho dépg thirc trén qua giéi han véi diy hoi yéu
khi N dan téi 00 | ta duoc

I ( g aija—u@—auﬁ)dxdt-t-if uigydxdt
Or 1,j=1 8xj' i Or
’ (3.12)
—i | frdvde
Or

Ky hiéu M 1atap hop tat ca phan tir dang
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N
My=(n=3 di(Og1(x), di()eH O), dj(T)=0}

i=1
~11 1,1
H =~ (Or)={nx,nel> (Or), n(x,T)=0}
va M= OLj My > thi tdp hgp M tru mat trong
N=1
~1,1
H7(0r)

neHl’l(Q]"), thoa man diéu kién 7(x,)=0 voi
te[T,©) . Hon nita ta co

Tr d6 suy ra (3.12) ding voi

lu | <CU 7G0T, @)

B0 0,)

P iy Hsz )

L (0,00;L2 (Q)) (0,00;L7 (€2))

Pinh 1y dugc chirng minh.

4 MOT SO HUONG NGHIEN CUU TIEP
TUC

Két qua ciia bai toan da néu trong bai bao duoc
liy 1am co s& dé nghién ctru tinh chinh quy cua
nghiém va biéu dién tiém cén nghiém ciia bai toan.

Phuong phap giai quyét bai toan trong bai bao
dugc ap dung giai quyét cac bai toan twong tu nhu
cc cong trinh cia Nguyén Manh Hung va Phung
Kim Churc (2012), (2014).

Chiing ta c6 thé thay doi } dé duoc khong
gian nghiém rong hon.
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