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ABSTRACT

In this paper, a connected p-median problem on complete graphs and
complete bipartite graphs is mentioned. To solve this problem, several
theorems and lemmas are given during research. Besides, linear-time
algorithms are developed to solve the connected p-median problem on
complete graphs and complete bipartite graphs.

TOM TAT

Trong bai bao nay, mot bai toan vi tri lién quan dén cdc thanh phdn
lién thong trén dé thi day dii va d‘o thi luong phan day i dwoe dé cdp.
Pé gidi quyét bai todn nay, mét sé dinh li va bé dé dwoc dua ra trong
qud trinh nghién ciru. Bén canh d@o, cdc thudt todn thoi gian tuyén tinh
diege dwea ra dé gidi bai todn lién thong p-median trén do thi day dii va

thudt todn thoi gian tuyén tinh
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1 MO PAU
Bai toan vi tri khoi ngudn tir bai toan ndi tiéng
dugc dua ra boi nha toan hoc Fermat (1607-1665)
vao khoang thé ky XVII, d6 1a tim vi tri ctia mot
diém mai trén mat phang sao cho khoang cach tir no
dén ba diém cho trude 1a nho nhat. Bai toan d6 sau
nay da duogc giai boi Torricelli (Krarup and Vajda,
1997). Tir bai toan nay, truong hop ddi voi mot tap
g6m diém da dugc dua ra va diém lam t6i thiéu ham
khoang cach dén tat ca cac diém con lai duoc goi 1a
diém median trén mat phing, va ham can lam tdi
thiéu goi 1a ham median (Kariv and Hakimi, 1979).
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Bai toan vi tri noi trén da dugc ap dung vao cac
loai d6 thi dac biét nhu dd thi cay, dd thi co dang
mang ludi,... tuy nhién vi mét li do dac biét nao do
ma ngudi ta can tim nhidu hon mot co sé Méi trén
mang lu6i d6 thi sao cho ham khoang cach tir cac
diém c6 sin trén mat phang dén tap hop cac diém doé
1a nho nhat, mat khac cac diém nay dugc doi hoi
phai 1a cac diém lién thong, tir ddy mot I6p cac bai
toan da dugc dua ra nghién cau.

Nghién ctru ciia Chang et al. (2015) vé bai toan
lién thong p-median trén d6 thi khoi, cac tic gia
ching minh rang bai toan lién thong p-median trén
d6 thi khdi véi do dai tong quat 1a NP-kho. Trong
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truong hop dic biét, khi do thi khdi co do dai céc
canh bang nhau thi tic gia cling chi ra rang bai toan
lién thong p-median cé thé giai trong thoi gian tuyén
tinh.

Cong trinh nghién ctru cua Kang et al. (2016) vé
bai toan lién thong p-centdian trén do thi khoi, cac
tac gia da xem xét lai bai toan p-median lién thong
Vv6i phuong phap giai don gian hoa va sau do giai
bai toan hai myc ti€u p-median va p-center (goi tat
la p-centdian) trong thoi gian 0O(n?), trong d6 n 13 s0
dinh cuaa do thi khoi.

Trong bai béo nay, tiép ndi nhitng két qua cia
cac tac gia trén, bai bao nay dat ra m(f)‘t van C}é Ve bai
toan vi tri lién thong p-median trén do thi day du va
do thi ludng phéan day du.

2 GIOI THIEU VE BAI TOAN

2.1 M@t s6 khai niém cé lién quan

Theo Bondy and Murty (1976), db thi G duoc
dinh nghia 1a mét bé phan hop thanh béi ba thanh
phan V (G), E(G), #(G) trong do V(G) 1a mot
tap khong rong chira cac dinh cia G, E(G) 1a mot
tap chira cac canh cia G, E(G) roi nhau voi
V(G) , ¢, 1amot anh xa lién két mdi canh cua G
v6i mot cap dinh caa G . Néu ta goi e 1a mot canh
cia dd thi G va u,v 1a hai dinh sao cho
¢ (€) =uV thi tandi e la canh ndi u véi v . Khi
d6 U,V lién thudc vai nhau; U va v duoc goi 1a cac
diém nut cua e . Mot d6 thi duoc goi la d6 thi don
néu n6 khong c6 canh nao c6 diém dau va diém cubi
trung nhau va khong co6 hai canh nao ndi cung mot
cap dinh.

_ Hai dinh cua mét dd thj duoc goi 1 ké nhau néu
ton tai mot canh noi hai diém do

Mot do thi dwoc goi 1 do thy ddy dii (Hinh 1) néu
n6 1a do thi don va hai dinh bat ky cua do thi luon
ke nhau.

Hinh 1: D6 thi diy da
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D6 thi ludng phdn 1a mot d6 thi ma trong do6 tap
hop céc dinh cta n6 c¢é thé dugc chia thanh hai tap
con roi nhau sao cho hai dinh thudc cing mot tap
con thi khong ké nhau. Do thi hedng phdin day di
(Hinh 2) 1a mot do thi luéng phdn ma trong d6 bat
ki mot dinh nao tir tap con nay, déu ké véi tat ca cac
dinh thudc tap con kia.

V.l VB
Vs v,
V3 Ve
Va Ve

Hinh 2: Pd thi ludng phan diy di
Puong di dp dai n tir dinhu dén dinhv 13 day
Xgy Xy X, trong d6 N 1a s6 nguyén duong,

Xo=U,X, =V va (xi,xi )e E(G).i=012..,n-1

+1

Trong bai bdo ndy, ta chi dé cap dén cac do thi
don ma cac canh cia no6 c6 do dai don vi, nghia la
I(e) =1 véi moi e € E(G) vakhoéang cach giira hai
diém U,V 1a do dai duong di d6 dai ngan nhat ndiu
vav.

Mot tap hop con S cua V (G) 1a lién thong néu
luén c6 mot duong di ndi hai dinh bat ky trong S .

Bai béo nay dé cap dén mot bai toan 1a tim mot
tap hop lién thong S, gom p dinh (p<n véi n
1a s6 dinh cua do thi ddy da G ), 1a tap con cua
V (G) sao cho tong khoang cach co trong s tir
nhimg dinh thuoc S, =V(G)\S, dén S, 1a nho
nhét , nghia 14 lam t5i thiéu ham muyc tiéu:

F(S,)= > w,d(v.S,)
VeSp

Voi d(v,Sp) =min{d(v.u)[ueSp} va W, la
trong s6 caa dinh v .

3 BAI TOAN LIEN THONG P-MEDIAN
TREN PO THI PAY DU

Bay gio ta xét bai toan lién thong p-median trén
do thi day du véi truong hop p =1. Khi do, day 1a
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bai toan 1-median ¢d dién trén do thi day du véi ham
muc tiéu la:

F(S,)= 2 wyd(v,S,)
! VE§1 Y 1

Tacan tim S; ={u} sao cho F(S;) dat min.

Do ta dang xét dd thi day du voi do dai don vi
nén khoang cach giira hai dinh phan biét bat ky
thugc do thi déu bang 1. Do d6 ham muyc tiéu ta dang
xét 1a ham:

F(S)= ZWV

VeS;

Véi moi tap S <V, ta dat w(sS) = ZS w, , khi
ve

d wV)=Xw & moét hang s6 va
veV

F(S)) =F({u}) =w(v)-w, . D& thay S, ={u} vsi

U 1a dinh c6 trong s6 16n nhat trén dd thi G s& lam
cho ham muyc ti€u dat gia tri nho nhat, nghia 1a tap

hop lién thongS, = {arg Vrg/a(%(){wv}} , trong do
ham arg max (0) tra vé dinh c6 trong s6 1on nhit.
D6i véi truong hop P > 2, bai toan tuong tng
12 bai toan tim tap hop gém p dinh lién thong S b
sao cho ham median sau day dat gia trj nho nhat:

F(S,)=>w,

ves,

1a tap hop gom p diém lay tir
V(G) sao cho ham median F(S,) dat gia tri nho
nhét. Khi d6 ta c6 bd dé sau day:

Bo dé 3.1: Panh chi sb cac dinh ciia G theo thir

Gia su ta co Sp

ty trong s6 giam  dan, nghia la
W, 2W, =...2W, thi khi d6 p-median lién
thong cia G 1a S { AT

Chirng minh
Vi moitaphop SV(G) va |S|=p, taludn
co:

F(S)-F(S,)=w(S,)-w(S)=0

B dé duoc ching minh. ]
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Theo két qua c6 duoc & B dé 3.1, ta chung minh
dugc tap lién thong p-median cua G la tap hop p
dinh c6 trong sé 1on nhat thuoc V (G) . Tir day, ta
xdy dung thuat toan t6 hop dé tim tap hop lién thong
p-median S, trén do thi day du G cho trude. Y

tudng cua thuat toan la xem xét diém trung vi cua
mot day cac trong s6 dinh cho trudc va xét tap gom
céc phan tir I6n hon hoac bang diém trung vi d6. Néu
ta thu dwoc mot tap co sé phan tir Ion hon p, khi dé
ta tiép tuc tim trung vi cia diy gdm cac phan tu
trong tap méi. Nguoc lai, néu sé phan tir trong tap
nay nho hon p, ta tim trung vi cia tap con lai dé bd
sung cac phan tir cho tap dang xét. Nhu vay, mdi lan
I3p ta thu dwoc s6 phan tir bang mot nira s6 phan tir
dang xét. Hon nira, thuét toan tim trung vi cia mot
day c6 do phic tap bang d6 dai cua diy d6 (Hoare,
1961). Gia sir do phuc tap cua bai toan la T(n) véi n
1a s6 dinh cua G, khi dé,

-2z

v6i k 1a sb budc 1ap cua thuat toan théa 25 <n
vaki hiéu [ X] 1a phan nguyén cua phan tir x. Vi T(c)

*)

=1v6i ¢ =1 nén tir biéu thirc (*) suy ra T(n) 1a mot
ham bac nhat theo n. N6i mét céch khéc, thuat toan
chay trong thoi gian tuyén tinh.

Sau déy, chung ta xem xét mot thuat toan thoi
gian tuyén tinh dé tim tap hop Q  =max(B, p)
gom p sé 16n nhat trong mot tap hop Bgom n 6
(p<n).

Thuat toan 3.2: Tim p sb lon nhat trong mot
tap hop B gdm n phan tir 1a s6 thuc (p <n)

Input: Mot tap hop B gdém n phan tir 1a sé.
Q, =0

While |1Qpl<p do
med:= trung vi ciia B
B- :={beB:b<med}
B :={beB:b=med}
B” ={beB:b>med}

If |B” |+]Qp [>p do
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Pit B=B".
Else
> = ) >
If 187 |48 ‘+‘Qp‘2p do o,=Q,uUB
va chon p-|Qp |—|B” | phin tir trong B~ dé néi
vao Qp.
Else
bit Q =Q V(B UB’) va B=B
Endif

Endif
Endwhile

Output: Taphgp Q, gom p s6 16n nhat lay tir
B.

Vi dy 3.3: Tim tap hop Q, gom 5 s6 16n nhat
lay tir tap hop B ={4,5,2,6,3,7,9,10}

Ap dung Thuat toan 3.2, ta c6 két qua nhur sau:

Vong lip s6 1:

Tacd |Qpl=0<p=5nén med=6

B“={2,3,4,5};B" = {6};B” ={7,9,10}
Vi|B” |+|Qp=3<p=5 va

|B” |+|B™ [+]Qp |=4< p=5 nén

Pit Qp=0Qpu(B UB”)={67.9.10} va
B=B"
Vong 13p sb 2:

Ta co |Qp |=4<p=5nén med =4
5% - {2987 - {4}:” - 5}

Vi |B” |+]Qp |=5=p va

|B” |+]B™ |+|Qp |=6> p=5 nén
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Qp =0 UB” ={6,7,9105}  vi  chon
p—1Qp |-|B” =0 phan tir thuoe B~ dé ndi vao
Q

p

Dén day |Q, |=5=p nén Thuat toan 3.2
dung.

Viy ta thu duoc tap hop Q, cén tim la
Q, :{6,7,9,10, 5}.

Sau day, béng cach ap dung Thuit toan 3.2,
chung t6i de xuat mot thuat toan de giai bai toan lién
thong p-median trén do thi day du.

Thuit todn 3.4: Gidi bai toan lién thong p-
median trén d6 thi day du.

Input: B thi day du G véi n dinh
pat V(G) ={v;;V,;..;v.} voi tap trong sé

tuong ung B ={w,,w,,...,w,}.Q =J.

Ap dung Thujt to4n 3.2 dé tim t4p hop Q,
gom p sb 16n nhét Iy tir tap hop B.

Output: Tap S, gom p dinh lién thong twong
tng véitap Q.

Vi du 3.5: Cho d6 thj ddy du nhu Hinh 3, véi
trong so cho bai Bang 3. Ta giai bai toan véi p = 4.

Bang 3: Trong s6 cac dinh
i 1 2 3 4
W, 4 6 8

Hinh 3: Do thj diy du K,
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Taco B={4,6,87,24.Q, = @.

Ap dung Thuit tean 3.2, ta dugc:

Qp ={4,6,7.8}.
Viy Q= {4;6;7;8} hay Sp ={v;v,;vyiva}.
_ Dinh ly 3.6: Bai toan lién thong p-median trén
do thi day du c6 thé giai trong thoi gian tuyén tinh.
4 BAI TOAN LIEN THONG P-MEDIAN
TREN PO THI LUONG PHAN PAY U
Bay gio, ta xét bai toan lién thong p-median trén
d6 thi ludng phéan day du.
_Bai toan cua chung ta trong truong hop nay c6
thé dugc phat biéu nhu sau: Tim tap hop lién thong

p-median trén d6 thi ludng phan day du K sao cho
ham median sau day dat gia tri nho nhat:

F(S,)=> w,d(v.S,)

ves,

VG d(v,Sp) =min{d(v,u)|u e Sp}, hay:

d(u,v):{l2

Déi vai truong hop p =1, bai toan trén ciing 1a
bai toan 1-median c6 dién trén d6 thi ludng phan (j?ly
du, do 1a tim mot dinh trén do thi nay sao cho tong
khoang cé}ch tir cac dinh con lai thude do thi dén nd
la nho nhat.

U,VeVi,

u»eVi,VGVj,i;t j.

Theo dinh nghia cua d6 thi ludng phan day di,
ta ¢ thé chia tap hgp dinh cia K thanh hai tap roi
nhau V, va V, sao cho hai dinh thudc cuing mot tap
thi khong ké nhau.

bit u, =arg nyef({wv} va u, =arg rpezx{wv}

Néu F({u})=F({u,}) thi u, la diém 1-median,
nguoc lai thi U, 1a diém 1-median.

Béy gio ta xét truong hop p=2 , khi d6 bai
toan cta ching ta la tim tap hop lién thong 2-median

trén d6 thi ludng phan day di K sao cho ham
median

F(S,) =2 wd(v,S,)

ves,

dat gia tri nho nhit.
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Vi S, lién thong nén S, gom hai dinh, trong d6
¢6 mot dinh thuoc V, va mot dinh thuge V, .

D& thdy d(v,S,)=1 do S, la tap hop lién
thong, do d6 ham median ctua ching ta 1a ham:

F(S,) = ZWV ZW(V)_W(SZ)

veS,

Ta xét ménh dé sau:

Ménh dé 4.7: Tap lién thong 2-median S, cua
K thoa F(S,)—>mingdm hai dinh
arg ma {w,} va arg max {w,}.

la

Chirng minh

pat  k =argmax{w,}, k, =argmax{w,} ,

veV, VeV,

khidé S, ={k_;k,}
VS, 'cV(K) va S," la tép lién thong thi khi d6

Sy '={up;ur} Vai Uy €Vy,Uy €V, , taludn co:
F(S3) - F(sp)=w(sy)-w(sy)

(s )

Nhu vay ta luon c¢6 F(S,)=F(S,) véi moi
S,'cV(K) . Ménh dé dugc chiing minh.m

Nhu vay voi p =2 thi tip lién thong p-median

S, latap gém 2 diém la trong s6 I6n nhat lan luot

nam trong hai thanh phan phéan chia V, va V, .

Bang phép chimg minh twong ty nhu Ménh dé
4.7, ta ching minh duoc vai p > 2, tip lién thong
S, la tap lién thong 2-median hop véi tap hop gom

p — 2 dinh nita 1a cac dinh c6 trong s6 16n nhét trén
dd thi ludng phan day du K sau khi dd bo di cac
dinh thugc tap 2-median. That vay, ta c6 chung minh
nhu sau:

Theo nhu Ménh dé 4.7, ta c6 tap lién thong S b
V6i P =2 chira hai dinh c6 trong sé 16n nhét lan
lwot ndm trén hai thanh phan phén chia cia dd thi
K. Véi p>2, taxéttap lién thong S, gom hai



Tap chi Khoa hoc Trirong Pai hoc Can Tho

dinh arg nVL%lx{wv}, arg rylf\;}:({wv} va p—2 dinh
c6 trong s6 16n nhit trén dd6 thi K, khi dé
VS cV(K), S lién thong va |S|= p, ta co:

F(Sp)fF(S):WZZSp

W— X W= X Wy — X Wy <0
veS veS
Nhu vay F(S,)<F(S) véi moi tap lién thong
ScV(K) val|Sl=p u
Tu day ta s€ di xdy dung thuat toan thoi gian
tuyén tinh dé giai bai toan lién thong p-median trén
do thi ludng phan day di K . Y twong cia thudt toan
nay la st dung Thuat toén 3.2 d€ tim ra dinh c6
trong s6 16N nhat lan lugt nam trén hai thanh phan
phan chia, va sau do, ta thém céc dinh c6 trong so
16n hon median cta cac dinh con lai dé thém vao tap
S, cho dénkhitaco p dinhthuoc S, .

Thuat toz'!n 4.8: Giai bai Foz'm lién thong p-
median trén d6 thi ludng phan day du K .

Input: Do thi ludng phan day duK voi
V(K)=V,uV,;V,nV, = va
VK HW [+[V, |=n, Q=2

Goi Q, =max(V,,1) 1a tap hop chwra 1 dinh co
trong sé lon nht trong V,

Ap dung Thuit toan 3.2 dé tim Q,

Goi Q,"'=max(V,,1) 1 tap hop chira 1 dinh
¢6 trong s6 1on nhat trong V,

Ap dung Thuat toan 3.2 dé tim '

Q=0,uQ’
Pt B={V; UV,}\{Q}

Ap dung Thuat toan 3.2 dé tim tap hop
prz = max(B, p —2) gom p—2 dinh c6 trong
s6 I6n nhat lay tir B.

bit Q=QuQ ,

Output: Tap S, gom p dinh lién théng twong
ung véi tap Q.

Vi du 4.9: Cho d6 thi ludng phan day di nhu

trong Hinh 4 va trong s6 cho bai Bang 4. Ta giai
bai toan véi p=5.
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Bang 4: Trong sb cac dinh
i 1 2 3 4 5 6 7 8
W, 1 5 2 8 6 9

vi

v, Vg
Vs v,
V3 Vg

vy Vs

Hinh 4: P6 thi ludng phan diy di

D6 thi luong phan day da dd cho c¢o

V1 ={V1;V2;V3;V4} va Vz ={V5;V6;V7 ;Va}-

Q=Y.

Dat O =max(V,,1), 4p dung Thuat toan 3.2
véi B:=V,, ta thu dugc Q, ={8}

Dit Q,'=max(V,,1), ap dung Thuat toan 3.2
véi B:=V,, ta thu dugc Q' ={9}

Q=Q uQ,’

Pt B:={V; UV, |\ {0 = {1,5,2:6:3 4}

Tiép tuc 4p dung Thuét toan 3.2 véi tap hop B
dé tim tap hop Q,_, gom p—2 dinh c6 trong s

I6n nhét trong B, ta c6 duoc Q , ={4;5;6}

Pit Q:=0uQ ,

Q={4,5,6;8,9}
Sp ={V8;V2;V5;V4;V6} .

Vay va do

_ Dinh li 4.10: Bai toan lién thong p-median trén
do thi ludng phan day du c6 the giai trong thoi gian
tuyén tinh.

5 KET LUAN

Trong bai bdo nay, céc thudt toan thdi gian tuyén
tinh da dugc dua ra dé giai bai toan lién thong p-
median trén d6 thi day du va do thi ludng phan day
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du. Trong céc bai bao ké tiép chung ta co thé nghién
clru tim mot thuat toan thoi gian tuyén tinh dé giai
bai toan lién thong trén cac dang dd thi khac, tiéu
biéu 1a d0 thi c6 nhiéu hon hai thanh phan phén chia,
d6 thi da 16p, cac loai do thi c6 trong sé dwong/am
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