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ABSTRACT

In this paper we introduce notions of approximate solutions and approximate solution
sets to multivalued quasivariational inclusion problems in metric vector spaces. Sufficient
conditions for the lower semicontinuity and upper semicontinuity of these approximate
solution sets are established. Our results improve recent existing ones in the literature.
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Title: Semicontinuity of the approximate solution sets of quasivariational inclusion
problems

TOM TAT

Trong bai bao nay ching t6i dwa ra khdi niém nghiém xdp xi cua bai toan bao ham tua
bién phan da tri trong khong gian vecto métric. Nghién ciru vé cdc diéu kién di dé céc
dnh xa nghiém xdp xi ciia bai todn bao ham twa bién phdn da tri la nita lién tuc trén hodc
nira lién tuc dudi. Cdc két qua ciia ching t6i la mé réng va phdt trién cdc két qua da c6
ngay cd khi ap dung vao cac truong hop dac biét.

Tir khéa: Bai todn bao ham twa bién phan; nita lién tuc dwéi; nira lién tuc trén;
lién tuc; nghiém xdp xi

1 GIOI THIEU

Gan day sy 6n dinh nghiém cta nhiéu bai toan trong 1y thuyét tdi wu duoc nghién
clru rat rong rdi. Tinh nira lién tuc trén dugc nghién ctru trong Khanh va Luu
(2007) cho bai toan bat dang thirc bién phan, trong Anh va Khanh (2008c), Bianchi
va Pini (2006), Huang, Li va Thompson (2006) cho bai toan can bang, va Anh va
Khanh (2008a) cho bao ham bién phan. Tinh nura lién tuc dudi duge cong b trong
Khanh va Luu (2007) cho bai toan bat ding thirc bién phan, trong Anh va Khanh
(2008c), Huang, Li va Thompson (2006) cho bai todn can bang va trong Anh va
Khanh (2008b) cho bai toan bao ham bién phan. Bén canh dé, tinh lién tuc Holder
ctia 4nh xa nghiém bai toan can bang ciing da dugc nghién ctru trong cic bai Anh
va Khanh (2007) Bianchi va Pini (2006).

Mat khac, trong nhiéu bai toan thuc té, nghiém chinh xac khong ton tai do dit liéu
clia cac bai toan khong dap ung du cac diéu kién ton tai nghiém. Hon nira, cac dir
liéu cua bai toan thuong thu duoc bang cach do dac hoidc thong ké tinh toan, nén
cac gia tri nay chi mang tinh x4p xi. Do mé hinh cuia céc bai toan thyc té thudng la
xap xi nén viéc tim nghiém chinh xac cho cac bai toan nay co6 thé khong that su
can thiét. Do d6 su ton tai va 6n dinh ctia nghiém xAp xi cta cac bai toan trong 1y
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thuyét t6i wu dwoc nhiéu nha toan hoc quan tim nghién cru, xem Anh va Khanh
(2008c), Hai va Khanh (2007), Khanh va Luu (2007). Theo chung t6i duoc biét,
cho dén nay van chua c6 bai bio nao nghién ctru vé tinh 6n dinh cho anh xa
nghiém xap xi ctia bai toan bao ham bién phan. Chiing ta ciing luu ¥ rang thut ngi
“bao ham bién phan” dugc hiéu theo nhiéu nghia khac nhau. Trong Zhang (2007)
n6 la dang tong quat da tri cia bat dang thirc bién phan. Bao ham bién phén trong
Chidume, Zegeye va Kazmi (2004) 1a bai toan tim diém 0 cua cac 4nh xa don diéu
cuc dai. O day, chung toi nghién ctru bai toan bao ham bién phéan theo nghia nhu &
cac bai bao Hai va Khanh (2007), Hai, Khanh va Quan (2009).

DPdi véi moi 16p bai toan, van dé ton tai nghi¢m bao gio cling chiém mot vi tri
trung tdm. Bén canh d6, 6n dinh nghiém ciing c6 vai trd quan trong hang dau.
Trong bai bao nay chiing toi nghién ctru sy 6n dinh nghiém xap xi cho bai todn bao
ham bién phén theo nghia nura lién tuc cua anh xa nghiém. Tat nhién, trong ap
dung thyc té, sy on dinh theo nghia cang manh thi cang tot, nhung trong nhiéu
truong hop thuc té cac dit liéu ciia cac bai toan khong dap tng du cac gia thiét cho
anh xa nghiém oOn dinh theo cac nghia manh nay. May man 13 trong nhiéu bai toan
thuc té, chang han nhu trong sy cin bang Walras-Ward va Arrow-Deubreu—
Mckenzie cta bai toan canh tranh kinh té, thi sy nira lién tuc ctia 4nh xa nghiém la
du trong nhu cau ap dung ctia né. Do di c6 nhiéu két qua cho su ton tai nghiém
(xem trong Hai va Khanh 2007; Hai, Khanh va Quan 2009), nén trong bai bao nay
ta ludn gia sir nghiém x4p xi ton tai trong 1an can cia diém dang xét.

Phan con lai cta bai bao duogc trinh bay nhu sau: trong Muc 2 ching toi thiét lap
diéu kién du cho cac tap e-nghiém ctia cac bai toan (t-VIPi), i = 1,2, 1a ntra lién tuc
dudi, Muc 3 xét tinh nira lién tuc trén va tinh lién tuc cho cho anh xa g-nghiém cua
cac bai toan dang xét.

Cho X, Z va A la cac khdng gian topo ngsdorff va Y la khong gian vecto topo,
cho A c X, B < Z la cac tap con khac trong va C < Y la tap dong c6 phan trong
intC khong rong. Cho cac ham da tri sau:
K. :AxA —2%i=12,
T:AxAxA —2°,
F:BxAxAxA—>2".

Vi cac tap M, N ta dung céc ky hi¢u sau:
(u,v)wM xN nghiala YueM,3ve N,
(u,v)sM xN nghiala Yue M,VveN,
v6i te{w, s}, ta xét cac bai toan bao ham tua bién phan sau, voi mdi A€ A,
(t-VIP1) tim X € K, (X, 4) sao cho (x, y)TK,(X,A)xT(x,X, 1),
F(y,x,X,4) c F(y,X,X,4)+C;
(t-VIP2) tim X € K (X, 1) sao cho (x,y)TK,(X,A)xT(x,X, 1),
F(y,X,X,A)c F(y,x,X,A4)-C.
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Vi mdi A e A, ta ky hiéu tp nghiém cua bai toan (t-VIPi), i = 1, 2 14 S7(1). Pic
biét khi T 1a anh xa don tri thi S"(1)=S°(4),1 =1, 2. Truong hop T la anh xa da tri
téng quat, ta c6 S"(1)c<S’(A), i= 1,2 Néu F la 4nh xa don tri, 1o rang
S7(1) =S:(4). Trong trudng hop da tri tong quéat khdng c6 moi quan hé bao ham
gifra cac nghiém trén.

Trudce hét ta nhic lai mot sd dinh nghia sau: Cho X va Y nhu ¢ trén va G X - 2~Y
la anh xa da tri tir X vao Y. G dugc goi la nura lién tuc dudi (Isc) tai Xo néu, véi moi
tap mo U c Y v6i G(Xo) N U # O, thi t6n tai 1an can N ciia Xo sao cho, véi moi X €

N, G(X) N U # @. Mot phat biéu twong duong khac: G 1a Isc tai Xo néu, v6i moi
ludi {x,}, voi x,— Xo, khi d6 v6i moi yeG(x,), ton taiy, eG(x,) sao cho

y, — Y. G duoc goi 14 nira lién tuc trén (usc) tai Xonéu v6i mdi tap md U o G(xo),
c6 mot lan can N cua Xo sao cho U o G(N). G dugce goi la nua lién tyc trén
Hausdorff (H—usc) tai Xo néu véi moi lan can B cia goc trong Y, c¢6 lan can N cua
Xo sa0 cho G(N) < G(xo) + B. G duoc goi la dong tai Xo néu voi
(X, Y,) €9raphG ={(x,y):y € G(X)}, (X,.Y,) = (X5, ¥o) thi y, €G(x;). Ta n6i G c6
mot tinh chat nao d6 trong tip A — X néu G thoa tinh chét d6 tai mdi diém trong A.

B6 dé 1.1 Néu G(Xo) 1a compact, thi G 1 usc tai xo khi va chi khi v6i moi ludi x«
— Xo, VA Ya € G(Xq), ton tai ludi con {yp} ciia 1udi {yu}, Yp— Yo Va yo € G(Xo).

Gia st Y 1a khong gian vec to mé tric, voi mdi sé thuc &€ > 0, ta dinh nghia tap
B/ ={yeY|d(y,0)<¢}, tAp e-nghiém cua bai toan (t-VIP1) la X eK(X,1) sao
cho (x, y)tK,(X,)xT(X,x,4), F(y,x X,A) < F(y,X,X,2)+B¢+C . Tap tat ca cic -
nghiém cua bai toan (t-VIP1) tai A dwoc ky hi¢u S/“(1). Tép e-nghiém S,*(A)
dugc dinh nghia tuong tu. V611 =1, 2, ta dinh nghia:

S/ (4,), néu A=24,,

S/“(A) , trong trudng hgp ngudc lai.

0]

2 TINH NUA LIEN TUC DUOI CUA TAP e-NGHIEM
V61 moi A trong lan can cua 4, dat
E(1) ={xeA:xeK/(x )}
DPinh ly 2.1 Xét bai toan (t-VIPi), i=1, 2. Gia si
(@) E la Isc tai Ao; K2 la usc, co gia tri compact trong A x {\o};
(b) T 1alsc trong A x A x {Lo}, néu 1= w; va

T 1A usc va cé gid tri compact trong A x A x {ho}, néu t =;
(©) [V(Yar Re Xar ) = (Yor R0 %0 40)s F (Yo %1 X0 4p) < F (Yo X1 X5 4) +C]

=[3a, F(Y,, %, %, 1) = F (Y, X, X, 11,) + B +C], néui=1,va

a
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[V (Yor Rar X0 2e) = (Vor Ros %0 20)s F (Yo %0, %0 40) < F (You %90 %5, 4) = C]
=[32, F(Y,0 %00 X0 £4) € F (Y0 R X 11,) + B =C1, néu i = 2.

Khi do Si" la Isc tai A, véi méi &> 0.
Chung minh. Do k¥ thuat chimg minh cho bdn truong hop trén 1a twong ty voi
nhau nén ching ta chi chirng minh chi tiét cho truong hopi=1vat=s. Laye >0
c¢b dinh. Gia str S:” khong Isc tai J,, nghia 13, ton tai x, e S1’ (%) valudi 1, > 4,
sao cho v&i moi x, €S:”(4,), x, khong hoi tu vé& Xo. Vi X, €S1° (4,) = S5“(4,) nén
voi moi X, € K,(X,,4,) va Y, eT (%, %, 4,) taco

F (Yo %o %01 A0) = F(Yo: %0, X0, 4) +C . (1)
Do tinh nira lién tuc dudi ciia E tai Lo, ton tai X, € E(1,),X, = X,. Theo gia thiét
phan chimg, phai c6 ludi con X, sao cho v&i moi f,X, & Si” (4,), nghia 1a ton tai
R, € K, (X5, 4,) VA y, €T (X,,X,,4,) sao cho

F(Y5. %5, %5, 45) £ F(Y5,%,,%X,,45)+B; +C. (2)
Vi Kz 13 usc va co gia tri compact tai (Xo, Ao). Co thé gia st rang X, = %, voi
%, € K,(X5,4,) (chon ludi con néu can thiét). Do T 14 usc va c6 gid tri compact tai
(R, %y, Ay) , nén ta co thé xem Y = Yo €T (X: %1 4) - Theo gia thiét (c) va bao ham
thire (1) ta suy ra ton tai 3 sao cho

F(Y;. %5, X5, 45) < F (Y5, X5, X5, 4;) + By +C,
diéu nay mau thudn véi (2). O
Thi du sau ddy chi ra ring Pinh 1y 2.1 chi ding cho anh xa nghiém S;" ma khong
dang cho anh xa nghi¢m S™*.

Thidu2.1ChoX=Y=Z=R, A4=][0,1], C=R+, A=B =R+, Ki(x,4) = Ka(x, 4) =
[A4, 2+1], T (},x,2) = {4}, F(y,%x,4)= {y(X=x)} va Ao=0.ViT,F lacac anh
xa don tri nén bdn bai toan trong Muc 1 1a trung nhau. Tinh toédn tryc tiép ta co

S7(0)=[0,1], S/ (4)={A+1} va s;-f(,z){lm—gim} véi moi A e(0,1]. Do d6

S:° 1a Isc tai 0 nhung S:khong lsc tai 0.

Nhin xét 2.1 Néu F 1a lién tuc va cé gia tri compact trong A x B x B x {1} thi
gia thiét (¢) cua Dinh 1y 2.1 nghi¢ém dung.

That vay, gia st (Y, %% 4) = (Yo % % 4) VA F (Yo %, %, 4) < F (Yo, %,
Xy, A,)+C , ta chimg minh ton tai @ sao cho

F(ya’ a ! a’ﬂ’ )C F(ya! a ! a’ﬂ’ )+ BY+C
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Gia st nguoc lai, voi moi a,

F(y, X,,x,,4,) « F(y,,X,,X,,4,)+B; +C.

Khi d6 ton tai f eF(y

o’ a’ a’

4,),sao cho véimoi f, e F(y, X, ,X,,4,),
f —f ¢B°+C.

Do F nta lién tuc trén va c6 gid tri compact nén ta c6 thé gia su
f — f, € F(Yy % Xg: 4,) - Khi d6 ton tai f, € F(y,,%,, %, 4) Sa0 cho

f,—f eC.

Do F nira lién tuc duéi nén ton tai f, e F(y,,x,,x,,4,), f, > f,. Do d6

f —f >f—f,

day la diéu mau thudn vi f, - f B +C.

Lap ludn tuong tu nhu trén ta cling ching to dugc rér}g néu
(Vo Ry X Ay ) = (Yor Ror %00 ) VA F (Yo, %o, %, 49) < F (Yo, % %o, 4) —C , thi ton tai &
sao cho

F(y, Xz %5, A4,) < F(y;, %X, %X, 4.)+ B —C.

Nhin xét 2.2 Trong truong hgp dac biét khi Y =R, Z = X*, A4, C =R+ va

F(y,xX,A)=(g(X,4),x) véi X*la khong gian cdc énh xa tuyén tinh lién tuc tir X

vao Rvag: X x A — X * la mdt anh xa don tri thi cac bai toan (z-VIPi) tr¢ thanh
cac bai toan gia bat dang thirc bién phan dugc xét trong Khanh va Luu (2005,
2007). Khi d6 Pinh 1y 2.1 12 mo rong cac Pinh 1y 5.1 va 5.3 trong Khanh va Luu
(2007).

3 TINH NUA LIEN TUC TREN CUA TAP e-NGHIEM

Trong phan nay ching ta xem xét tinh ntra lién tuc trén cua tdp e-nghiém. Voi gia
thiét veé Y va dinh nghia tdp B% nhu Muc 2.

Pinh Iy 3.1 Xét bai toan (x-VIPi), i = 1, 2. Gid sir
(@) E la usc co gia tri compact tai Ao, Kz la Isc trong A x {\o};
(b) T 1a usc va c6 gia tri compact trong A x A x {do} , néu t = w; va

T lalsctrong A x A x {A}, néu t =s;
(C) [V(ya’ o a’ﬂ’ )_>(yO’X0 XO 20) va F(ya’ o 0(7//L )CF(ya’ o’ a’ﬂ“ )+BY +C]

= [F (Yo, R X A) € F (Vg Xgr X 4 ) + BE +C], néu i =1, va
V(Yo Ry X A) = (Voo %00 %01 Ao)s Vi, F (Y0 X X0 4,) S F (Y0 X, X0 4,) + B —C]
= [F (Yo, X0 o1 o) € F (Yo, %1 X0 ) + B —C1, néu i = 2.
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Khi @6 S7° 1a usc tai A, véi moi € > 0.

Chirng minh. Tuong tu nhu ¢ Dinh 1y 2.1 ta chi can ching minh chi tiét cl}o
treong hop T = w va i = 2, cac truong hop con lai dugc chirng minh tuong tu. Lay
e >0 cb dinh. Gia sir ton tai mot 1an can mo U cia SY'*(4,), ludi 4, — A, va
x, €S,(4,) sao cho x,¢U,Va. Theo tinh ntra lién tuc trén cta E va tinh
compact ciia E(4,), ta c6 thé gia sit x, — X, Vi x, € E(4). Néu x, &S, (4,)thi
ton tai %, € K, (%, 4,) sao cho véi moi y, e T (%, %, 4),

F(Yor Xo1 %01 40) £ F(Yor %0 %0, 4) + B —C. 3)

Vi K, 1a Isc tai (Xo, Ao) nén ton tai K&, eK,(x,4,) sao cho %, —%,. Vi
X, €S¥(4,) tontai y, eT(X, ,x, 4, ) dé

F(y,,x,,%x,,A)<F(y,,%X,,X,,A,)+B; —C. 4)

Do tinh ntra lién tyuc trén cta T tai (X,,%,,4,) , va tinh compact cta T(X,,X,,4,) Nén
ton tai ludi con y, sa0 Cho y, — Y, V6i Y, €T (R, %, 4) . TU Vi€e (y,,R;, X, 4,) >
(Yoo R0 %00 4,) VA gia thiét (c) din dén sy mau thuan giita (3) va (4). Do do
X, € 534 (J,), dicu ndy lai tréi véi gid thiét x, U, V3.

Ta gia st S,“khong dong tai 4,, nghia la c6 mot ludi (x,,4,) — (X, 4,) Vo1
X, €S,“(4,) nhung x, ¢S, (4,), voi lap ludn twong ty nhu phan chiing minh trén
cling cho ta diéu mau thuan. [
Thi du sau day chi ra rang Dinh 1y 3.1 chi dung cho anh xa nghiém S/ ma khong
dang cho 4nh xa nghiém S™*.

Thidu 3.1. ChoX=Y=Z=R, A=[0,1], C=R+, A=B =R, Ku(x, 4) =[4, A+1],
T (%,%,2) = {4}, %=0, £ =0Va

{0}, néu A=0,

[4,A+1], trong trudng hdp ngudc lai,

K, (x, 1) :{

(—0,X) , néu 1=0,%# X,

F(y,f(,x,/l)z{

(-0, X] , trong trudng hgp ngudgc lai.

Dé dang thay rang cac gia thiét cia Dinh 1y 3.1 thoa man khi t = w. Dinh 1y 3.1
suy ra S*“(.)1a nira lién tuc trén tai O (thuc t& S* =[2,4+1],VA<[0,1]). Tinh toan
tryc tiép ta c6 S (0) = {0}, nén S: 14 khong nira lién tuc trén tai 0. Do d6 Pinh ly
3.1 néi chung khong con dung néu ta thay S boi Si .

Nhan xét 3.1 Néu F 14 lién tyc va c6 gia tri compact trong A x B x B x {Ao} thi
gid thiét (c) cia Pinh 1y 3.1 nghiém dung.
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That vay, gia su (v, %,.%,,4,) = Yo R0 %0, 4) »  F(Y,. %X, %, A,) < F(y,, X,
X, A4,)+ By +C, ta ching minh

F(yo;*oa%iﬂo)gF(yO'XO’XO'ﬂO)+B$+C'
Gia st ngugc lai, néu  F(y,, %, %, 4) & F(Yy Xgr %, 4) + B +C. Khi d6 ton tai
f, € F(Yy, %, Xg» 4y) » 530 cho véi moi

f, € F (Y Xgr % Ap) s fy— f, 2 BY +C.
Do F 1a nira lién tuc dudi nén ton tai f, e F(y,,%,,x,,4,), f, — f,. Khi d6 ton tai
f,eF(y,,x,,x,,A4,) sao cho

f —f eB°+C.
Do F nta lién tuc trén va c6 gid tri compact nén ta c6 thé gia su
f,— f, e F(Yy Xy Xy, 4) - Do dO

f—f,—f—f,
day 14 diéu mau thudn vi f,— f, ¢ BS +C.
Lap luan twong tu nhu trén ta ciing ching t6 dugc ring néu
(ya’ ol a’/l )_)(yO’XO XO’ﬂO) Va’ F(ya’ ol a'/l )CF(ya’ ol ’ﬂa)_{_BYg_C thi

F (Yo %0 %00 40) € F (Vo1 %01 %, 4) + B/ =C .
Thi du sau day cho thiy riang chiéu nguoc lai ciia Nhan xét 3.1 1a khong dung.

Thi du 3.2. Cho X, Y, Z, A, C, A, B, Ky, T, Ao, € nhu trong Thi du 3.1,
Kao(x,A) = {1} va

F(y, % % 1) = [X,+0) , néu 1=0,
yX4%A)= [x+A-1x+A+1), trong truGng hdp ngudc lai.

Khi do6 cac gia thiét cua Pinh 1y 3.1 théa man khi t = w, i =1, tinh toan truc tiép ta
co S"(4)=[0,1],vAeAdo do S 1a usc tai Ao=0 Vi S,"(1)=[0,1], VA e A . Tuy nhién
F khong la Isc (khdng la usc) va khdng cé gia tri compact tai B x A x A x {Ao}

Nhan xét 3.2 Trong truong hop dac bi€t nhu & Nhan xét 2.2, Pinh 1y 3.1 1a mo
rong cac Pinh ly 6.2 va 6.3 trong Khanh va Luu (2007).

4 KET LUAN

Céc két qua nghién ciru vé tinh nira lién tyc ctia anh xa nghiém xap xi ciia bai toan
bao ham tira bién phén trong bai bao nay c6 thé duogc ap dung vao cac trudng hop
dic biét nhu bai toan téi wu, bai toan diém trung, bai toan mang giao thong,... Hon
nita, cac két qua nay con cé thé sir dung de nghién ciru van dé vé sy dit chinh
nghiém cua 16p bai toan nay, day 1a van dé rat gan véi sy 6n dinh nghiém va thuat
toan giai cta cac bai toan trong 1y thuyét tbi wu.
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CAM TA

Chung t6i xin bay t6 1ong biét on sau sic dén nguoi phan bién vé nhiing nhan xét
va dé nghi quy bau, nham gitp cho bai bao nay dugc hoan chinh hon.
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